NONLINEAR SHRINKAGE ESTIMATION 1

APPENDIX A: SUPPLEMENTARY MATERIAL

REMARK A.1 (Fourth-moment condition). Some of the technical results used in the proofs
also require that the real i.i.d. random variables of Assumption (A2) in Section 2.1 have a finite
fourth moment in addition to mean zero and unit variance. We apologize for not mentioning
this additional requirement explicitly in Assumption (A2).

On the other hand, it appears that in practice a finite fourth moment is not needed for the

nonlinear shrinkage methodology to still work; see Section 6.4. m

Before proving Proposition 4.1, it is instructive to first state and prove a simpler result
only claiming pointwise convergence of the estimated solutions. We will then see that this
simpler proof can be extended relatively easily to also cover the more general claim of uniform
convergence.

ProprosITION A.l. Let {I;Tn} be a sequence of probability measures with H, = H. Let
{€,} be a sequence of positive real numbers with ¢, — c. Let K C (0,00) be a compact interval

satisfying y. € K. Let Yn » = mingeg 98,z (y,z). It then holds that Yn z — Yo

PRrROOF. Assume K = [k, kg]. Define B = {z + iy : © € [u1,u2],y € K}, which implies
BCC*.

We first claim that

(A1) myg (2) = mpp(z) uniformly in z € B .

Recalling that for any c.d.f. G, we have mpg(2) = 1+ 2mg(z) and by the compactness of the
set B, this results will follow from

(A.2) mg (2) = mu(z) uniformly in z € B,

which we establish now.
For fixed z € B, consider the function

T

h.(1) =

T—Z

Then it is easy to see that there exist two finite constants dy, do, depending only on k1 > 0 but
not on z, such that

(A3) |hz(7'1) — hz(TQ)l S dl‘Tl — 7'2| and sup |hz(7')| S d2 .

The fact that convergence in distribution of ﬁn to H is equivalent to convergence to zero of
the bounded-Lipschitz metric between f]n and H then implies (A.2); for example, see Pollard
(1984, Chapter IV, Example 22). In turn, we have thus established (A.1) as well. But (A.1)
immediately implies

(A4) 95, = (Y, %) = gue(y, ) uniformly iny € K .
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2 LEDOIT AND WOLF

We note the following two facts:

(A.5) Ve >0 36 > 0 such that inf gue(y,x) >0
YEK,|ly—ya|>e

and

(A.6) I, (Z/J\n,xax) =o(1),

where (A.6) follows from 97, En(ﬂnx,x) <98, 2, (Yo, ), (A4), and gg (Ya, x) = 0.
By the triangular inequality,

9H,c(Una: @) < |9H,cWUna) = 977, 5, Una)l + 197, 5 Una)l
= |9,c(Una) = 977, 5, (Una)l +0(1) by (A.6)
—o(1) +0(1) by (A.4)
=o(1) .

This last result together with (A.5) now implies ¥, » — Y. B

PROOF OF PROPOSITION 4.1. We start with part (i). Assume K = [ki, k2]. Define B =
{x+iy:x € [u1,us],y € K}, which implies B C C*.
By the same arguments leading up to (A.4) we can more generally establish that

(A7) 97, . (2) = gHe(z) uniformly in 2 € B .

We note the following two facts:

(A.8) Ve >0 36 > 0 such that inf { inf 9, (Y, x)} >4
z€[ur+nuz—n] LWEK |y—yz|>e

and

(A.9) sup gﬁ[n,en@nmx) =o0(1),

w€[ur+n,u2—n]

where (A.9) follows from gz = (Une: @) < 95 & (Y2, @), (A7), and gp(Ye, z) = 0.

<
To simplify the notation, let I = [u3 + 7, ug — 7). By the triangular inequality,
sup gH,c(gn,zu 513) < sup |9H,c(gn,z) — 98, . (?/J\n,x)‘ =+ sup |gﬁn o (?/J\n,x)‘
xel zel ’ xel ’

= Sul}) |98, (Un,z) — IH,.en (Ynz)| +0(1) by (A.9)
xre

=o0(1)+0o(1) by (A.7)
=o(1) .
This last result together with (A.9) now implies ¥y, » — y, uniformly in z € I = [u; +n, us — 7).
Part (i) is proven analogously to part (i) by restricting attention to the set of probability
one on which H,, = H happens. ®

PROOF OF PROPOSITION 4.2. The proof is similar to the proof of Proposition 4.1. The
details are left to the reader. m
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NONLINEAR SHRINKAGE ESTIMATION 3

PROOF OF PROPOSITION 4.3. We start with part (i)(a). Fix A € [z1 + 6,7 — g] Consider

s s 1-2, 1 1 l—c 11
M (/\)—mF()\)|:A——( —>‘

Hn%n Cn A Cn i}\n)\

The function mapping A onto v, is continuous, and therefore uniformly continuous, in A €
[21,%2]. As X varies in [2] + §,%2 — §], the resulting v) varies in a compact region in CT.
Therefore, for any £ > 0, there exists £ > 0 such that

mpﬁn’gn()\) - mp()\)‘ < ¢ aslong as max{|€n —c|, |[Up\ — v,\|} <K.

First, we can find Ny such that [¢, — ¢| <  for all n > Nj. Second, by part (i) of Proposi-
tion 4.2, we can find N such that |0, y» —vy| < & for all n > N», uniformly in A € [2; 40, 22 —46].
Define N = max{Ny, N2}. Then for all n > N, it holds that

|mp.  (A) = mp(\)| <& uniformly in X € [ + 6,7 — 0] .

Hn.en
Since £ can be chosen arbitrarily small, part (i)(a) obtains.
We now turn to part (i)(b). For any 0 > 0, it holds

=R 1 p : ; 2
18, - 21 =35 - - )
P ()]

- < . . 2 N
1 |1_C”_C")‘imFﬁn,an()‘i)‘ ’1—C—CAZ'WLF

1 > ( _ i - i ()\i)|2)2

Ni€[Z1+48,22 0] |1 — Ol mFﬁn,En ()\z)| |1 —c—cAimp

5 ¥ ( . . (Ai)\Z)Q

~ ~ o 2 o
NI |1—cn—cn/\imFA ~ (/\Z)| |1—c—c)\imp

Hn,cn
=A+B.

By our general set of assumptions, in particular Assumption (A4), combined with the results
of Bai and Silverstein (1998) and Mestre (2008, Section II), there exist two finite, non-zero
constants k1 < kg such that k1 < \; < kg for all i = 1,...,p and for all n large enough.

Fix € > 0. First, we can pick § small enough to achieve B < ¢/2 eventually. To appreciate
why, denote be M(S) the mass that F' assigns to the set 21,21 + g] Ulza — 5, Zo], satisfying
p(d) — 0 as § — 0. Then it is not too difficult to see that there exists a finite constant A,

possibly depending on H and ¢, such that B < Ap(d), for n sufficiently large. The reason, in
addition to k1 < \; < ko, is that also the correction factors ‘1 —Cp — Cn \; mFﬁ . ()\,-)‘2 and

/|1 —ec—cAimp(N) ’2 are bounded away from infinity. Then, choose 4 small enough so that
u(®) < (2/)A. .

Having chosen and fixed 0, the first half of the assertion ensures that A < /2 eventually.
Again, we use here that k1 < \; < kg and that also also the correction factors 1/|1 — ¢ —

c A 'rhp()\i)’2 are bounded away from infinity. This demonstrates part (i)(b).
Part(i)(c) can be handled in a very similar fashion.

Part (ii) is proven analogously to part (i) by focusing on the set of probability one on which
H,, = H happens. m
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4 LEDOIT AND WOLF

Before proving Theorem 5.1, we need to establish some auxiliary results.
Recall the following notation. For a grid @) on the real line and for two c.d.f.s G; and Go,
define

[|G1 — Gallg = sup |G1(t) — Ga(?)] -
te

LeMMA A.l. Let {Gn} and G be c.d.f.s on the real line, with the support of G being
compact. Let {Qn} be a sequence of grids on the real line, asymptotically covering the support
of G, with grid sizes {~,} satisfying v, — 0. Further, assume that |G, — G||q, — 0.

If G is continuous, then G, = G. In particular, sup:|G,(t) — G(t)| — 0.

PROOF. Denote the compact support of G by [a, b]. To prove the first part of the assertion,
let £ > 0. Fix 6 > 0 such that for all ¢t < ¢/ with ¢/ — ¢ < §, it holds G(t') — G(¢) < /4. Also
fix ¢ > 0. First, there exists Nj such that ~, < § for all n > Nj. Second, there exists Ny such
that sup,c(), |Gn(t) — G(t)| < €/4 for all n > Nj. Third, there exists N3 such that @, covers
[a+ ¢,b— ¢] for all n > N3. Set N = max{Ni, Na, N3}. For an arbitrary t € [a + ¢,b — ¢]
and for n > N, let t,, = max{t : t € Qp,t <t} and t, = min{t : t € Q,,,t > t}, which implies
tn —t,, < 4. Then, for all n > N,

Gn(t) = G(t)] < |Gn(tn) — G(t,)] + |Gnlty) — G(tn)]
< |Gultn) = Glta)| + |Gult),) = G(th) | + 5 + 5
cELE € €
4444
Therefore, Gy, (t) converges to G(t) for all t € [a+¢,b— ¢]; and since ¢ can be chosen arbitrarily,

G (t) converges to G(t) for all t € (a,b). By picking ¢ sufficiently small such that |G(a+¢)| < e
and |G(b—¢)| > 1 — ¢, and by the monotonicity of c.d.f.s, it also follows that |G, ()| < 2¢ for
all t < aaswell as |Gy (t)| > 1 —2¢ for all t > b as long as n > N (where N of course is allowed
to depend on ¢.) Therefore, Gy, (t) converges to G(t) for all ¢, which establishes G,, == G. The
second part of the assertion follows immediately from the first part and Polya’s Theorem. m

LEMMA A.2. Let G be a probability measure with compact support contained in (0, +00)
and let d > 0. Let {@n} be a sequence of probability measures on the nonnegative real line with
CA}'n = G and let {c,l\n} be a sequence of positive real numbers with c?n — d. Also assume that
there exists an interval [a,b] contained in (0,+00) such that Supp(Gy) C [a,b] for all n large
enough.

Then Fénﬁn = FG,d-

PROOF. Let zj =i-(1+1/j), for j =1,2,... Then {z;} is an infinite sequence in C* with
limit point 29 = i € C*. By Theorem 2 of Geronimo and Hill (2003), it is sufficient to show
that, for all z;,

(A.lO) mF@nﬁn (Zj) — mFad(Zj) .

Recall the notation m Fr for the solution of the Marcenko-Pastur equation, for any proba-

bility measure H and for any ¢ > 0. Namely, for each z € CT, mp.. F(z) is the unique solution
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NONLINEAR SHRINKAGE ESTIMATION 5

for m € C* to the equation

m = /+oo ! dH(7) .

oo Tll—Cc—¢zm|—=z

Also, define the function

Vm,z € C fﬁ,g(m,z) = 'm - /+00 ! dH ()

w T[l—C—¢Czm]—2z

In this notation, for a given 2 € C*, mp_ _(2) is the unique solution for m € C* to the equation
fﬁ,E(m7 z) = 0. Alternatively, mpﬁyg(z) is the unique minimizer over m € C* of the function
fﬁF( ,2). Note that the Stieltjes transform of any probability measure maps C* onto C*. So if
z € C*, then mp_ _(2) is actually the unique minimizer over m € C of the function fﬁ,5<' ,2).

Fix z; and use the following abbreviations: my, ., = mr, o (zj) and m.; = mp, ,(2j). The
goal then is to show that ’ﬁln,zj — M.

We claim that there exists a compact set S C C such that m,, ., € S for all n. The proof is by
means of contradiction. Assume the claim does not hold. Then there exists a subsequence {ny}
such that [y, ;| — co. By the combined assumptions, we can then find A > 0 such that, for
all n large enough and for all 7 € [a, b],

| <A

‘7— [1 - C/i\nk - dnk Zj mnkyzj] - Z-]| -

implying that for all ny large enough,

+o00 1 R
My, 2| = / — — — dGp, (1)
e —oo Tl —dpi —dnk 2 mn,ﬁzj] —zj *
b 1 .
|| ———— AGr, (7)
a T [1 - dn,k — dn,k Zj mnk,zj] — Zj
b 1 =R
</ S dG, (7)
a |T[1_dn,k_dn,kzj mnk,zj] —Zj’

<(b-a)A.

But this is in contradiction to [y, ;| — co. We may assume w.l.o.g. that m,, € S as well;
otherwise sufficiently enlarge S.

We may further assume that S is ‘doubly nonnegative’, that is, for all m € S, it holds that
Re(m) > 0 as well as Im(m) > 0. The reason is as follows. On the one hand, Re(m,, ;) > 0 for
all n as well as Re(m.;) > 0. For example, recalling that Re(z;) = 0,

Re(my;) = Re(mp, ,(25)) = /00 Re <)\ ! ) dFe,a(\) = /00 S dFga(M) ,

—00 —Z —00 |)‘_Zj|2

where Fg 4 places all its mass on [0, +00). On the other hand, since z; € C*, also Im(7, .;) > 0
for all n as well as |m(mzj) > 0.
We next claim that

(A.11) fa, a(m,z) = fe.a(lm, z;) uniformly in m € 5.
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6 LEDOIT AND WOLF

To see why, for m € S, consider the function

1
l1—d—dzjm]—z

han,; (1) = o

Since S is compact, min{Re(m),Im(m)} > 0 for all m € S, Re(z;) = 0, and Im(z;) > 1, there
exist two finite constants di and ds, allowed to depend on S, such that

(A.12> |hm,z]-(7—l) — hm,z]-(7_2)‘ < d1|’7'1 — 7'2| for 7,7 € [0, JrOO)
and
(A.13) sup |,z (7)| < da

T7€[0,400)

To see why, start with (A.13). It holds that
Im(7[1 —d—dzjm] — z;) = —(7d[Re(zj) Im(m) + Im(2;) Re(m)] + Im(z;)) .
Under the stated conditions, Re(z;) Im(m) + Im(z;) Re(m) > 0 and Im(z;) > 1. Therefore, as
long as 7 > 0, it follows that
IT[l—d—dzym]—zj| >|Im(r[1—d—dzjm]—z)| >1,

implying that we may choose do = 1.
Moving on to (A.12), let A = maxy,cg|m| and note that |z;| < 2. Therefore, for any
71,72 € [0, +00),

1—-d—dz; m
hmZ' _hmZ' = - J
[,z (1) ()l = Im =7l (ml—d—dzym]—zj) ([l —d—dzjm] — z)
= 1 —d—dzjm|
B |71 [1 —d—dzym| —zj| |2 [1 —d —dzjm] — z]
“in |1 —d—dzjm|

el I [L—d—dz;m|— 2| |m[l—d—dzm| — 2]

< —ml(L+d+2dA),

implying that we may choose dy = (1 +d+ 2d A).

Recall that convergence in distribution of @n to G is equivalent to convergence to zero of
the bounded-Lipschitz metric between @n and G; for example, see Pollard (1984, Chapter IV,
Example 22). Furthermore, since @n and G put all their mass on [0, 00), it is sufficient to start

all integrals at 7 = 0 rather than at 7 = —oo. Therefore,
+oo ~ +00 1 R
o Tl=d—dzym] —z; o Tl—d—dzjm]—z

= / - B,z (T) dGy ()

~Jo
—>/0 hmzj(T)dG(T)

+00 1
:/0 T[l—d—dzjm]—zjdG(T)

dG(7) uniformly inm € S |

+o00 1
:/Oo T[l—d—dzjm]— 2

imsart-aos ver. 2010/09/07 file: aos989.tex date: July 26, 2012



NONLINEAR SHRINKAGE ESTIMATION 7

which establishes (A.11). But (A.11), combined with the compactness of S, further implies
that also

(A.14) fa, 3.(m,z) = fea(m, z;) uniformly in m € 5.

Summing up, we have the following facts: First, there exists a compact set S C C such that
fhmzj is the unique minimizer of f@nﬁn(- , ;) over m € S and m; is the unique minimizer of
fc.a(-, z;) over m € S. Second, the function fg 4(-, 2;) is continuous in m. Third, the uniform
convergence (A.14).

With these facts, T?Ln’zj — my; follows from arguments very similar to those used in the
proof of Proposition A.1. m

PROOF OF THEOREM 5.1. We start with the proof of part (i). Since ¢ < 1, it follows
from Silverstein and Choi (1995) that F' is continuously differentiable on all of R. By Polya’s
Theorem it then follows that sup; |Fy,(t) — F/(t)] — 0 a.s., implying that ||F,, — F||g, — 0 a.s.
Also, by construction, ||F§n = Fllg. < |Fug, — Fallg,- Therefore,

c,

1Eg, 2, = Fllen < 1Fg, 5, = Fallo, + 150 = Fllq.,

n,Cn n,Cn
<||Fug, — Fallg, + |[Fn — Fllq.,
< Fuz, — Fu.llg, + |Fue— Fallg, +[Fn — Fllq,
=|[Fugz, — Fllg, +2[|Fn— Fllg, — 0 as.,

where Lemma A.2 in conjunction with Polya’s Theorem is used to show that || Fr 5, —F'||g, — 0.
The desired result now follows from Lemma A.1.

We now turn to proving part (ii). By Theorem 2 of Geronimo and Hill (2003), it is sufficient
to show that there exists an infinite sequence {v;} in C* with a limit point vy € C* such that

(A.15) mg (vj) = mp(vj) as. Vj.

Recall the notation mp_ _ for the solution of the Maréenko-Pastur equation, for any proba-
bility measure H and for any ¢ > 0. Namely, for each z € CT, m Fy Z(z) is the unique solution

for m € C* to the equation

+oo 1 "
m:/_oo T[l—E—Ezm]—de(T)'

Analogously, to Subsection 2.2, also let

Ve eR  F(2)=(1-0) I o0)(2) +EFg ()

and ~
c—1

VzeCt mEQ’E(z) = + ngﬁI’E(Z’) .

Hence, for each z € CT, mp E(z) is the unique solution for m € CT to the equation

m:—[z—5/+oo7dfl(r)

oo L F+Tm

-1
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8 LEDOIT AND WOLF
On CT, mp E(z) has a unique inverse, given by

1 [t 7
Vm € mEﬁyz(Cﬂ ZEﬁ,z(m) = + c/ = deH(T) .

Note that both ME
F=Fy,., mF—mFH , and zF—zF Fthen.
As Silverstein and Choi (1995) show

and 2 . are continuous functions. Also in this notation, we have

1 c c 1
Vm € mEﬁAE(CJr) zp. (m) = ——+ c_° mg <_> 7

2 m  m  m? m
which, letting v = —1/m, is equivalent to
(A.16) Vv € CT such that —1€m (ch) m~(v)——i z 1 —v+cv
. v Eﬁyg H - E,UQ EFI,E v
For the special case of H=Hand ¢= ¢, this simplifies to
N 1 . 1 1
(A.17) Vv e CT such that — — € mp(C™) my(v) =——5 [2r | —= | —v+cv| .
v - cv? | T\ v
Let M C C* be a compact set contained in mp(C*) and also contained in mp_ _ (CF),
at least for n large enough. Let {m;} C M be an infinite sequence with limit point mg € M.
Let v; = —1/m; and vy = —1/myg. Then {v;} C C* with limit point vy € C*. Finally, let

zj = zp(my) and 29 = zp(my).
Part (i) of the theorem implies that F a2, = L as. It then follows from Corollary 1 of
Geronimo and Hill (2003) that
mg. (ZJ) — mE(z]) a.s. Vj .

“—Hn,cn

In particular, the proof of Corollary 1 of Geronimo and Hill (2003) uses that convergence in
distribution of probability measures implies convergence of integrals of bounded and continuous
functions. A completely analogous argument can therefore be invoked to show that also

zpy . (my) = zp(my) a.s. Vj

()= (5) o9
zp. | —— | —=zp(—— ] as.Vj.
AN RN
Using relation (A.16), with H= fln and ¢ = ¢,, and relation (A.17), this implies that
(1)) = —~ L) e
ms (V) = —=— |2F- —— ) —vi+cyv;
H,\"J c, vJQ- g on v; J n Vg

1 1
- —— {zp <—> —vj —}—cvj} = mpg(v;) as.Vj,
Uj

or, equivalently, that

which completes the proof of part (ii) the theorem. m

PROOF OF COROLLARY 5.1. We start with the proof of part (i). Following El Karoui (2008),
we call Hr, a discretization of H on the grid {J, /Ty, (J, +1)/Ty, ..., K, /T,}. For instance,
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NONLINEAR SHRINKAGE ESTIMATION 9

we can choose Hp, to be a step function with Hp, (z) = H(z) if  =1/T,, 1 € N, and Hy, is
constant on [I/T,,, (I + 1)/T,). If the support of H is given by [hq, hs|, say, then the support
of Hr, is contained in [hy —1/Ty,, ho+1/T,]. It is easy to see that for such a discretization Hr,,,
it holds that Hr, = H, as long as

(A.18) 3b > 0 such that A\, < b for all n sufficiently large and

(A.19) 3~ > 0 such that J,,/T,, < hqy — v and K,,/T,, > ho + v for all n sufficiently large .

First, (A.18) holds a.s. as shown by Bai and Silverstein (1998) and Mestre (2008, Section II),
given our set of assumptions, in particular Assumption (A4). Second, the support of F' is
denoted by [z1, Z2]. On the one hand, it follows from Lemma 1.4 of Bai and Silverstein (1999)
that z1 < hy and Zo > ho. Therefore, it holds that z; = hy — 61 and 29 = hy + do for some
1,92 > 0. On the other hand, F,, = F' a.s., implying that A\; <z} +d1/2 and X\, > 2z — J2/2
for n sufficiently large a.s. So, letting v = min{d; /2, d2/2}, condition (A.19) holds a.s. as well.
Taken together, it follows that Hy, = H a.s.
By construction,

||Fﬁ”7/c\n - Fn||Qn S HFHTny/C\n - FTLHQ” S ||FHTn,En - F||Qn + ||F - Fn”Qn .

We know that ||[F' — F,||g, — 0 a.s. So to establish part (i), it is sufficient to show that
|Fry, &, — Fllg, — 0 as. Since Hr, = H as. and ¢, — ¢, it follows from Lemma A.2 and
Polya’s Theorem that sup, [Fp,, z,(t)—F(t)| — 0 a.s., implying that ||[Fp,. 5, —Fllg, — 0 as.

But, having established part (i), part (ii) follows in exactly the same fashion as in the proof
of Theorem 5.1. m

PrROOF OF COROLLARY 5.2. We start with some preliminary results, leading up to the
proof of part (ii). Let G be a c.d.f. with continuous density g and compact support [a,b].
For a grid @ = {...,t_1,to,t1,...} covering the support of GG, the approximation to G via
trapezoidal integration is defined as in (5.3). Since g is Lipschitz-continuous on [a,b], there
exists a (smallest) finite € > 0 such that |g(t1) — g(t2)| < € as long as t1 — t2| < «. Denote
by go the density corresponding to CAJQ. By definition of the trapezoidal rule, gg is piecewise
linear and agrees with g at all points 5 € Q. Since the grid size of @ is given by =, we may
infer that

(A.20) sup l9(t) —9o(t)| <2¢ and thus sup IG(t) = Go(t)] <2 (b—a+27) .
We have assumed from the outset that ¢ < 1. By construction,

|‘Fﬁn76\n§Qn - FnHQn S ||FHT,L78VL§Q1L - F’”HQn S HFHTTU/C\'”;Qn - FHTny/C\nHQn + HFHTn:C\n - F”HQn .

It follows from the proof of Corollary 5.1 that |[Fp,. z, — Fullg, — 0 a.s. So if we can show
that HﬁHngn;Qn = Fuy 2.llQ, — 0, it follows that ||F- — Fullg, — 0 as.

Hp\en;Qn
For any probability measure H, any ¢ > 0, and any A € (0, +00), let

-

H’E(A> = lim me{,Z(Z) .

z€Ct—A
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10 LEDOIT AND WOLF
Also let fz -(\) = w‘llm[mpﬁ _(A)] and define fz ~(0) = 0. Then

t Fu(t) ifc<1
~ _ H,c
/_oo T g\ dr = { CFg (1) ifE>1

We know that f = fp . is continuous, and therefore Lipschitz-continuous, on [z, Z2] and con-
stantly equal to zero outside [21, Z3]. Denote by finq. the maximum value of f. Since Hy, = H,
it follows from part (i) of Proposition 4.2 that, for every ¢ > 0,

(A.21) Frin, 20 () = f(A) uniformly in X € [21 +0,% — 4] .

In particular, for every ¢ > 0, we can find N such that, for all n > N,

| frg, (N — FO)| <& forall A€ [5 +6,% — 9] .

For every n, the function fg, z, is monotonically increasing near the left boundary of its sup-
port and monotonically decreasing near the right boundary of its support; see Silverstein and Choi
(1995, Section 5). The compact support of F' is given by [21, z2]. Lemma A.2 then implies that
the support of Fp. 7, is contained in [21 — 1, 22 + | for some positive sequence 1, — 0, so

(A22) fHTn Cn ()‘> =0 for A ¢ [21 — M, 52 + nn] .
And further, for n, and 5 sufficiently small and for n sufficiently large, we may assume that

(A23) fHTn,En (/\) S 2fmaz for all A € [El — Tin, El + 571] U [22 - ﬁna 52 + nn} .

Since f is Lipschitz-continuous on [z, 22|, for € > 0, there exists § > 0 such that |f(A\1) —
F(A2)| < e/2 for all A1, A2 € [Z1, 22] with [A; — A2| < 0. From (A.21) it then follows that for n
large enough,

| frm, 20 (M) = frp, an(A2)| <& for all A, As € [21 + 0,22 — 8] with [A; — Ao| < 6.

Applying the previous discussion for a general c.d.f. G and a general grid @) leading to (A.20)
to the special cases of Fy, @, and @, respectively, we thus obtain that, for n large enough
(in particular, satisfying v, < §),

(A.24) sup  |fuy, 2, (A) — fHTn,En;Qn()‘N <2e.
A€E[Z146,22—4]

Combining (A.22)—(A.24) yields, for € and 6 small enough and for n large enough,

(A.25) iug | Frp, 2, (A) — ﬁHTn7/C\n§Qn()\)| <2e(z2—21+20) +4 fnae (M0 + g) :

€
Since the right hand side of (A.25) can be made arbitrarily small, we have established that
[ Fr, 20:Qn — FHz, 20llQ. — 0, which implies that ||Ffln,6n;Qn — Fullg,, — 0 a.s., which in turn
implies that

(A.26) ||Fﬁn,gn;Qn — Fllg, < HF]?{mEn;Qn = Fullg, + [1Fn — Fllg, — 0 as. .
Lemma A.1 then tells us that ﬁﬁ . = F as.
71/7077,7@71/
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We now show that this implies part (ii) of the corollary, namely that H = H a.s. by means
of contradiction. To this end, assume that H, = H as. is not the case. The sequence {H }
is tight a.s. This is because the upper bound of the support of H, is given by K, /T,, which,
by definition of K, satisfies K, /T,, < A\, +1/T,; and we know from Bai and Silverstein (1998)
that for any € > 0, A\, < 2o + ¢ for n large enough a.s. Similar for the lower bound, or simply
use zero as very crude lower bound. Therefore, if I;fn = H a.s. is not the case, there then
exists a probability measure H' # H and a subsequence {nj} such that on a set with positive
probability, we have fAInk = H'

Similarly to an argument used in the proof of part (i) of Corollary 5.1 — with ﬁnk and H' now
playing the roles of Hr, and H, respectively — it then follows that |[Fg - —Fpy[|g,, —0

n 7an

on a set with positive probability. But it also holds that ||Z3 7

. —F5
o ) ! nkycnk?an an Cnp,
similarly to an argument used above — with Fz - now playing the role of Fy,, =, . Together,

nk k2 nk n?

Q. — 0

we obtain that ||F Ho O T Fu cllg,, — 0 on a set with positive probability. Since we are
nk) nk7 nk

working under the assumption that ¢ < 1, both Fy and Fps are continuous. Lemma A.1 then

tells us that sup, \ﬁA i@ (t) — Fpr o(t)| — 0 on a set with positive probability. But this in
g,

contradiction to sup, |F F(t)] — 0 a.s. So the proof of part (ii) is accomplished.

Hn Cn 7Qn

We now can establish that ||Fﬁ aon — L
very much in the same way as we established before that ||ﬁHT @ns@n — Py 2.1lq,, knowing
that Hy, = H. As a result, we obtain that ||z . — Fllg, — 0 a.s. Invoking Lemma A.1

establishes part (i) then.

= llg. — 0 a.s., knowing that H, = H as.,

Parts (iii)—(iv) follow immediately from parts (i)—(ii) and Proposition 4.3, part (ii). m
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