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Current situation for o

a, is a fundamental parameter of the SM

Impacts virtually all theoretical calculations
for x-sections & decays for LHC

Relevant also for EW vacuum stability, GUT,
& searches of new colored sectors
PDG: as(mz) = 0.1179(9) = 0.8%
Not good enough! We want < 1%, else
= Large uncertainties in key processes (Higgs)

= Limiting factor for precision top mass and
EWPO determinations at future colliders

Many determinations are precision limited by
systematics: PT truncation errors, non-pert.
effects, . ..

Lattice QCD is a powerful tool for the job
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Crash course in lattice QCD Wikon 7.

Path integral
(©) = 5 [ DADYDTOLA, 7] Saenlh wl v
" U, (z)
Gauge action
1 v P .
Sa == Z Retr{l — P, (z)} " ‘
90 NN
' I L
Fermion action
Nt r—D’g
Sp=a'y > (@) (Dw+moys)ts(z)  Dw=3> {(Vi+Vi)—aV,V,}
f=1 = Iz
v' Theoretically robust and cheap to simulate
X Hard breaking of SUA (V;) symmetry for mg s =0
Continuum limit, a — 0
2 _ (amyp) (amnad)  mpn
go(a) — 0 a= mz,f;, (am,) = m%’(g had =m, K,... = mo,r(a)

Infinite volume limit, L — oo
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Crash course in lattice QCD Wikon 7.
Path integral

Ny
<O> = %/DU O/[U} H det(Df[U})e_SG[U] V() Y(x+ f1)
f=1

Gauge action

Sa = 9—12 Z Retr{1 — P, (z)} ’ i ‘
0
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Crash course in lattice QCD

Path integral

(0) = Z/DU(’)[U Hdet Dy[U])e5clV]
f=1
Gauge action

/d4 Fo(2)F (@) Un(z) ~ e

Fermion action

Sp =a’ Zzaf(:c)

f=1 =z

Dy

—_—~
(Dw +mo,z) by(x)

v' Theoretically robust and cheap to simulate

X Hard breaking of SUA (V;) symmetry for mg s =0

Continuum limit, a — 0

ia A, (x)

g2(a) 50 a= (am:ﬂ) (amhad) _ m?;}c)i
’ omy (amp) — mp™®

Infinite volume limit, L — oo

(Wilson '74; ...
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w
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Crash course in lattice QCD
Path integral
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o from lattice QCD

All there is to it

~
~

g—oo N

0l +0(%)  laon = 22|

qP

Why do we like it?
P Lots of freedom in choosing @ = no need to be exp. accessible
» O defined within QCD = EW effects only affect hadronic inputs
» ((q) non-pert. and accurately measurable up to large scales ¢ [if carefully chosen]

» No need for modeling hadronization

It all starts at low-energy

Lattice QCD parameters are renormalized (fixed) in terms of hadronic inputs

fry Ma, M, ... = go, Mo,ud, M0,s5 ---
N———— N——
Ny N¢

QCD coupling and quark masses in any other scheme, at any scale, are predictions

Caveat
In most calculations Nt = 3. What happens with the charm and bottom? Later!
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Meet the challenge
LQCD butchers space-time by introducing
1. Lattice spacing a. i.e. UV-cutoff ~ a ™!

2. Finite volume L*, i.e. IR-cutoff ~ L~ *
Systematic error constraints
» Low-energy: hadronic inputs myaq

eg
1 1
L™ < Mhad € a Mhad = fr, Mz, MK,...~ Aqcp

» High-energy: non-pert. coupling o (q)

L'<wqgza! q>> Aqcp

Problem
Fitting hadronic and pQCD scales into a single lattice requires

L' < myaa € g<a?

» Most common lattice simulations are devised for mp.q calculations

» Cost of simulations o (L/a)™" = ¢ x 2 is O(100)x more costly

— o0
> ao(q) T 1/log(q/Aqcp) = Exponentially HARD problem!
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How can we reach high-energy?

Computations of mnaa and ao(q) are separate problems
= precision demands dedicated approach for ao(q)

Finite-volume schemes

» Finite-L effects are part of the definition of ao(q). i.e. ¢ = L™!
Measure the change in finite-volume correlators as L varies

P Lattice systematics are under control once
L'=¢g<a' = L/a>1 = EASY!
Step-scaling strategy
1. Given ao(qhad = L;ald) = 1, determine gnad/mnada ~ O(1)
2. Measure change in ao(q =L ') as L — L/2
oo(u) = ao(2q)|u=apq) = non-pert. B-function
3. Starting from gnaa ~ Aqcp, after n ~ O(10) steps, we reach
gpT = 2" qhaa ~ O(100) GeV where ao(gpr) ~ 0.1

4. Extract agg(gpr) from PT expansion of ao (gpT)

PT
5. agg(ger) = Asrs/apT — Asis/qhad — Agrg/Mhad

(Luscher et al. '94; Jansen et al. '96)
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Schrédinger functional couplings (ymane S Lischr et . 52 S 9.

Gauge fields bcs. w=T TS
Ag(@)ap=0 = Cx(m,v)  Ap(@)lso=1 = Ci(n,v) I
Quark fields bes. | Pr = $(1£0) | g
Pi)|eg=0 = P-|eg=7 =0 l
7+1/1| 0=0 3 7/1| o=T 29 =0 >
YP_|2o=0 = Py |ao=7 =0 m
SF coupling
1 / _ _
asr,(q) X == I'=—-InZ[C,C"] g=L" m=0
onl'|, o

Gradient flow (GF)
0:Bu(t,z) = D,Gypu(t, x) B,(0,z) = Au(z)
Guv = 0By — 0, By + [Bu, B)] Dy =0+ [By, -]

Gauge-invariant composite fields of B, are finite for ¢ > 0 uscher. weisz 12
GF coupling
aar(q) o« t2<GZ,,(t, )Gl () | wo=1/2 g=L" V8t =1/3 m=0
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s

from a non-perturbative determination of A

. Determination of pihad/ fr,x to

establish pnaa = 197(3) MeV
where ag%(uhad) =09

. Non-pert. running GF-scheme

from fihaa to po = 4.3(1) GeV

. Non-pert. matching finite-volume

schemes: GF — SF

. Non-pert. running SF-scheme from

o to upr = 24/L() ~ 70 GeV

. NNLO matching SF — MS schemes

and o) (upr) extraction

MS 3.5%

(3)

aMS

(upr) = ALL =341(12) MeV
PT decoupling for c- and b-quarks gives

(3) (5)
AW - AW MS

(ALPHA Collab. "17) 0.7%

— al®l(my) = 0.1185(8)
N——

1

60

40

%

20 -

(=
MS

Hhad

Schrodinger ‘Functional
Gradient flow

_‘
SF
MS
MS
MS

3-loop
3-loop
4-loop
5-loop

11[GeV]




How accurate is Ny = 3 QCD?

Including the charm quark in hadronic simulations is challenging
» Very fine lattice spacings are needed = CPU expensive
me ~ 1.3GeV = am. 2 0.3 in typical simulations

» More costly simulations and complex tuning of parameters

90, M0 ud> M0,s» Mo,e &> fr, Mz, MK, MD

s 3 5
Systematics in A1(w>s — A%

» Matching A-parameters

(4) (4)
The ratios AMS/AMS and AMS/A

Pg,f(]W/A%)) A(i\g)/Al(vjl\g) M = RGI-mass decoupling quark(s)

A1 are given by

» Hadronic quantities

Renormalization of lattice QCD requires tuning go, mo,ud, - - - » SO that
lat lat exp exp
had — — I c e — o oo
18, j;r ) jo ) j;r ’ j%r )

myb = exp. value (corrected for QED and m, # mg effects)

Q: What's the size of charm effects: R}ﬁfg:*'” = R](f:j:él) +O(M;?)?
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Effective theory of decoupling and PT matching

Fundamental theory

Laqcoy, = 41 FuuF;w“‘Zq/’fl)Q/Jf‘f‘ Z (D + M)y

f=1 F=Ng+1
Effective theory (Weinberg '80: ...)
1
Lo = ‘CQCDNE + Vel E wi®;+... = LO: L= ﬁQCDNé
i
Matching couplings in PT (Bernreuther, Wetzel ‘82; .. Chetyrkin, Kihn, Sturm ‘06: Schréder, Steinhauser ‘06)

EFT is matched at LO once the effective and fundamental couplings are matched

N, Ne m
iws”(m*) =a () o= a%)(m*) M = Tiggs ()

Matching A-parameters in PT

(Ng)
. i \ex€(o)
AL (M AND) = Py (M/ASDY ALY = Py (M/ASY) = s g el (o)

MS MS w%)(a*)
where
Ne) ) (VD) (Ne) () — @ dy
AT =pex Ulax(n)  ex a)=.expq = [ —me—
o Bx “(y)
[e (]Vf)
_ . _ FNO(y
M =7x (u) e (ax () e;N“(m:...eXp{‘/ dyTTf)+-~}
0 Bx (v)
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Perturbative decoupling at work

(Athenodorou et al. '18)

Ni=4, N =3
T T T
2 V| Me/A 2 006,
& 0.04 IS 4 A -
3 1 2
g 8 0.04
=] =]
g z
e &
g 0.02, -~~~ 2loop 3 0.02] ---2loop g
E - 3 loop £ v 3 loop
= v -4 loop = -4 loop
& ——5 loop & 0 ——5 loop ]
0 | | T | T |
0 10 20 30 40 0 10 20 30 40
M/A M/A
K _ _ 6) _
> Pye(M/A) ~ Pe(,rfl Ioop)(M/A) +0(a® 1) n-loop  ap(mz) om —an-1
> ] “ " 2 0.11699
PT expansion shows very good “convergence 3 0.11827 0.00128
= PT uncertainties are quite small 4 011846 0.00019
5 0.11852 0.00006

Q: But can we really trust PT decoupling at M./A?

all(mz) = 0.1185(8)(3)er
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How perturbative are heavy quarks?

Non-perturbative matching

AN had, 1 N, AN N, N, A?
A _ phad, (M/A( f)) = mWa _ N (M)Jro( )
N, £,f N, had,2 had,2 2
i My (M) M
Factorization formula (Bruno et al. '15; Athenodorou et al. '18)
N,
Mg (M)

. . . A?
had had had
o = Qe x POt (M/AY) = Qi x Pog(M/ACY) + O(ﬁ)
Mhad (O) v v

NP & M -indep. PT & universal

Result: Typical O(A?/M?2) corrections to Ps 4(M./A) are < 1% effects (Athenodorou et al. '8)

ORENO! i 3)
= Afjs = Agg precise enough for 6A = 2> 1.5%

Ratios of hadronic scales

N, N,

mgacfi?l(M) o mf}ac[i,)l ( A2 >
N - N, M2

m]ixa(§32 (M) mlglaé,)Q M

Result: Typical O(A?/M2) corrections to such ratios are < 0.5% effects

(3)

= Good enough for a per-cent precision determination of A7

(Knechtli et al. "17; Héllwieser et al. '20)
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Non-perturbative renormalization by decoupling
Current situation

> 5AMS ~ 3.5% = room for improvement!

> 5A domlnated by NP running 0.2 — 70 GeV

> Halvmg 5A% by brute force is CPU expensive

Key observations
» P, ¢(M/A) has small PT and NP corrections for M /A 2 5
Ng) . .
> A%) is M-independent = same for QCD y, with any M
> LQCD can access QCD y, with any M
Master equation 1.0 (ALPHA Collab. 20, '22)

(Ne¢) (N¢)
A phed(agyay A

N N,
Mhad Mhad (M)
» Compute A<0) /mfﬂ)d in pure Yang-Mills

: (3) phys (3) phys\ _ _exp
> Determine mhad(Al)/mhad(mu,d,s) and set Mhad (mu,d,s) = Mpaq

» Extrapolate for M — oo
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Non-perturbative renormalization by decoupling
Is this feasible?

Ll'<m® « M<a”
Example

L/a=100 m.L~4 = a '~3GeV = M ~1GeV

1

Decoupling in a finite volume
» Decoupling scale

3 3 3 —
B uPy=03 = uf =L =789(15) MeV
» Massive coupling (Appelquist, Carazzone 75; ...)

0 0), % (3 3 0 3 _
O[(Grl):‘ (u’t(:le)c) = a(GrP)“(Méie)c? M) = Mgde)c = M((:le)c + O(M 2) ~ Hdec

Master formula 2.0 (ALPHA Collab. '20, '22)

- (n-loop) @ Mts 1
MS n-loop y 3 MS n—1 dec
—= =P, M/ANTL)—22 + O + O ==
Hdec 03 ( / I\’IS) Hdec (05* ) ( ]VIQ )

» Determine agﬁ‘(udec, M) such that L;elc = flgee K M < a™t

Lgec/a ~ 50 Hdec ~ 800MeV = M ~ 10GeV

0 0 0 0 0
> Compute AL /jidee = (AL /AL ) (a9 (ace))
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Large-mass limit
Effective action

1 1 @ a
Lqcp =~ Lym + Wﬁz,dec +... Lym= 12 FoF,

1 conn —
(Ocr)qcep = (Ocr)ym — U /d 2(Oar L aee ()2 + O(M™?)

O(1/M?) counterterm

2
EQ,dec = Z d; (92)D
=1

Dy = g%tr (DuFuDyFy)  Do= 9—12tr (DuFyuDuFy) — ?m
O(1/M?) contribution [on = oz(i)S(m*) ]
oG, M) — o (1) _Z 7o) e (Oar DI @)+
» LO anomalous dim: 4, =4/9 ; 47 =0 ; 42 = 7/11 (Husung et l. 20; Husung 21

> Matching: d;(a.) = diax + O(a?)
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Continuum limit

Symanzik effective action (Symanzik '82: Sheikholeslami, Wohlert '85; Liischer et al. '96; ...: Husung et al. "22; Husung '23)

Liatt = Locp + —— L1 + Lo+ . Avy =a™*

A A%V

(Ocr ) = (Ocr)aco —a / d*z (O L1 ()53 + O(a?)

O(a) counterterms

3
L= Z ci(¢>)O; <«  Consequence of breaking SUA (Ny) symmetry

i=1
- 2 M a a
O1 = Yo Fu O = MY O3 = @F v F
O(a)-improvement
» Add irrelevant ops. to Liatt Which cancel £;-contributions
Liatt — Liatt + ACsw (gg)aUu»Ffﬁftw
Mq = Ma(l+bm(gg)ama) g5 — go(1+ be(gd)ama)

» (O, and O effects removed, but residual O(g§aM)-effects from O3
15/20



Continuum limit

Symanzik effective action (Symanzik '82: Sheikholeslami, Wohlert '85; Liischer et al. '96; ...: Husung et al. "22; Husung '23)

Liatt = Locp + —— L1 + Lo+ . Avy =a™*

A A%V

(Ocr ) = (Ocr)aco —a / d*z (O L1 ()53 + O(a?)

O(a) counterterms

3
L= Z ci(¢>)O; <«  Consequence of breaking SUA (Ny) symmetry
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Large-mass continuum limit

Symanzik eff. action (Symanzik '82: Sheikholeslami, Wohlert '85; Liischer et al. ‘96; ... Husung et al. '22; Husung 23)
2 2
Liatt ~ ﬁQCD +M—|— a“ Lo+ ... Lo = E bL(g )B
O(a?) contribution

A(a) = a((?})?(uv M7 a) - aGF(“7 M O)

Large-mass expansion [ pEM<at ]
1
Lqcp ~ Lym + Wﬁzdec +...
2 1
87; NA{QCZIQIDQ—FZCZUID]—F DO - @FSVFSV
j=1

Conclusion
A(a) = O(a®>M?) 4 O(a” %)
LO anomalous dim:
> 4B = —1/9 for O(a®>M?) term (Husung et a. 22 Husung 23

» Only partial info available for O(a?u?) term
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MQZ[aiié ") [ e (Ocr BN @)D + -
Large-mass expansion [ p<EM<at ]
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2 1
B NMQdio'Do—FZdij'Dj-F... Dy = @FSVF:V
Jj=1
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Continuum limit of the massive coupling

oz =1972 § oz =19072
L 8 o z=4.0 t o z=4.0
000 e o 2 =60 600r 4 ; ¢ 2=60
o 2 =8.0 o 2z =80
5.75*% [ o » =10.0 |2 5.75¢ [ o2 =100 |2
o b 2 =120 w /?H/I/I 0z =120
" 550t e 550 Bgiy 5% .

I ) 3] s
o5l 25" 8 5.25¢ — °
5400—‘EH | | | | 5.0 [ — S —
0 0.1 0.2 0.3 0.4 0.000 0.001 0.002 0.003 0.004 0.005 0.006
(aM)? (a/L)?

Global fit ansatz

72 = C(2) + p1[alh(a™ )] (apace)” + palaliy(a™)]" (aM)” + O(aM)

g2/(4m) = aGh(tace, Mya) 2= M/paee
Remarks
» D1, p2 are z-independent; we find p1 < p2
» I, T', and aM varied to assess systematics
> Estimate of residual O(a)M) effects using dbg = by -

» Final results consider: aM < 0.4, 2 >4, ' =1"=0 120



- (3)
Large-mass extrapolation of A=
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The coupling from decoupling

More decoupling

(3) PR (/A (4) PP (M, /400 (5) = (5)
AI\Ts — AM—S — ANTs N am(mz)

Final result

P (mz) = 0.11823(69) (42)an (20)f,, (9)3—5 = 0.1182(8)

FLAG 2I: all(mz) = 0.1184(8)  PDG 21: 0{>L(m) = 0.1179(9)  rrsapo6 2

Contribution to relative error squared of o

50
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TUMQCD 19
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PACS-CS 09A
10 ALPHA 17

. . ,
0.115 0.116 0.117 0.118 0.119
a.(My)

O(ab) /\%/ pace  OGF(Hdec; M) others.
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Conclusions & Outlook

Conclusions
» Heavy-quark decoupling is a powerful tool for extracting o,

» Allows us to replace the non-perturbative running from fiqec
to pupr in Ny = 3 QCD with that in pure Yang Mills

» Current precision as(mz) ~ 0.7% is comparable with the
most precise lattice determinations

» Uncertainty is currently dominated by:

1. Physical units of the scale ftdec
2. Residual O(aM) uncertainty
3. Pure-gauge running

Outlook
» Short-term: Reanalysis of as with no residual O(aM) uncertainty (coming soon)
» Mid-term: Compute A%/,udec with 1/3 of the uncertainty (=~ 0.5%)

> Long(er)-term: More precise scale determination
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High-energy matching (ALPHA Cola. .79

v=20 v=-0.5
Final result S~ S” Final result S~ S
SR S)3 SR 2% v s=1 r—— SR 28 v
S )2 5~ 35" —e— SRS 2 —m 5~ 35" —e—i
0.09 ; ; ; ; . 0.09 ; ; ;
L 3
0.085 - L] ; 0.085 % M 1
2 E{ i 2 %
< 0.08 3 < 0.08
~ L E [] [ 3
0.075 |- 1t I 0.075 | { % ]
: I
* ¥
0.07 I I I I I 0.07 I I I \*
0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025
o? o?

What was done
1. Match SF,, — MS schemes at j1,, = 2" o = 2" /Lo using
axgs(sn) = aw(pn) + c1(s)ap (pn) + 5 (s)a(pn) — c1(s*) =0 |c5(s")| 1

2. Extract Ayg/po from agps(spn) using 5-loop fSyg-function

3. Assess size of PT truncation errors (of O(ag) in Asrs/ o)
through s-parameter dependence around s*



High-energy matching (ALPHA Cola. .79

0.09

T
Final result

(U

0.075

LoAsrs

0 0.005 U.‘Ul 0.015 U.‘UZ 0.025 U.‘U3
What was done
1. Match SF,, — MS schemes at j1,, = 2" o = 2" /Lo using
axgs(spn) = aw(pn) + ¥ (s)an(pn) + 5 (s)an () ci(s) =0 |e5(s") S 1
2. Extract Ayg/po from agps(spn) using 5-loop fSyg-function

3. Assess size of PT truncation errors (of O(aQ) in Asrs/ o)
through s-parameter dependence around s*



Non-perturbative decoupling tests

T P M TR S T ST R
0 0.2 0.4 0.6 0.8 1 1.2 1.4
A2/]\12

M_ Ol m N (M) _ ol Py3(M)
Oln M Oln M

Mhad = 1/\/t7(), 1/\/57 1/11)0

(Athenodorou et al. "18)



Non-perturbative decoupling tests
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(Knechtli et al. '17)



Pure Yang-Mills running

(MDB, Ramos "19)
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