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ii
AbstractIn this thesis we present a new NLO QCD calculation of Higgs plus jet pro-duction at the LHC. We use the recently developed extension of the qT subtractionformalism to cancel the IR divergences for each sub-processes [1]. This methodexploits the observation that the transverse momentum of the Higgs boson plusjet system completely describes the singularity structure of QCD when final-statecoloured particles are present. In particular we stress that the subtraction worksat arbitrary values of the jet radius while the jet-function, i.e. the clustered finalstate radiation contributions, is currently known in the small R limit only. Our NLOresults, for small jet radius values (R ≤ 0.1), nicely agree with those obtained byan independent computation performed with local subtraction, both for the inclusivecross section and several differential distributions.
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1 Introduction
Particle colliders are one of the main tools used to understand the structure of funda-mental physics. In particular, they are the best known strategy to date for studyingheavy objects that are short-lived and rarely produced. The Large Hadron Collider(LHC), at Cern, is the largest and most powerful particle accelerator in the world. In-side the accelerator, two beams of high-energy hadrons (protons or heavy ions) travelalmost at the speed of light before being collided. The high energy and high luminosity(a measure of the number of potential collisions per unit area in a given period of time)of the LHC allows the study of very rare and short-lived massive particles and, in par-ticular, allowed in July 2012 the discovery of a new boson with a mass close to 125 GeV.This particle is consistent with the Higgs boson predicted by the Brout-Higgs-Englertmechanism [2–4] and its discovery was therefore an extraordinary achievement for thehigh-energy physics community.Nowadays, the Higgs boson still plays a leading role in the searches for new physics atthe LHC. In particular, altough the run I and II measurements at LHC showed that thenew resonance is compatible with the Standard Model (SM) Higgs boson, there still isthe possibility that more precise measurements will uncover small deviations from theSM predictions.During run I and II differential Higgs observables were measured, altough still withrelatively large uncertainties. Among these observables, a prominent role is played bythe transverse momentum spectrum (pT ) of the Higgs boson, whose study could shedlight on the structure of the Higgs sector. For instance, evidence of new physics couldemerge either as distortions of its shape due to modified light Yukawa couplings [5, 6]or as deviations in the tail of the differential distributions [7].At the LHC, Higgs with high transverse momentum are typically accompained by hightransverse momentum jets. The precise calculation, i.e. the computation of higher ordercorrections to the production cross section of the Higgs plus jet process within per-turbative Quantum Field Theory (QFT), is therefore of crucial importance for the high-precision program. At present, many different techniques allowing for the computationof higher order corrections to LHC observables have been developed and succesfullyapplied to different kind of processes. The current state of the art for the Higgs plusjet observable is next-to-next-to-leading order (NNLO) in Quantum-Chromo-Dynamics(QCD). This computation has been performed in Ref. [8] using the N-jettiness event-shape variable, in Ref. [9] using sector-improved residue subtraction and in Ref. [10] withthe antenna subtraction method.Another method that is well suited for higher order corrections to LHC observables is
qT -subtraction (see Ref. [11]) that was originally formulated for colour singlet produc-tion (see Ref. [12] for the actual implementation of many on- and off-shell colour singletprocesses). In the last few years qT -subtraction has been extended for coloured massivefinal states and applied to top-quark and bottom-quark pair production at NNLO in theworks [13] and [14]. The NNLO production of ttH for the flavour off-diagonal channelshas also been computed in Ref. [15]. Very recently, qT -subtraction has been appliedto next-to-leading order (NLO) Electroweak (EW) and mixed QCD-EW corrections forDrell-Yan processes in the works [16] and [17].Until now, however, qT -subtraction has never been applied to processes with jets in
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the final state. The main goal of this thesis is to compute the NLO corrections to theHiggs plus jet process by extending the qT -subtraction formalism to deal with theseprocesses.The thesis is organized as follows. In chapter (2) we will briefly discuss the appeare-ance and the main properties of infrared (IR) divergences in Quantum Chromo Dynamics(QCD), relevant for the computation of IR safe observables. In chapter (3) we will in-troduce the qT -subtraction method and illustrate its main keypoints trough the explicitexample of Higgs production in gluon-gluon fusion at NLO. Chapter (4) and (5) are de-voted to the presentation of the Higgs plus jet computation at NLO. Finally, in chapter(6) we present our conclusions.



3
2 Infrared singularities in Quantum Chromo Dynamics
The infrared divergences are a general property of gauge theories with massless par-ticles. In QCD, these divergences are associated with regions of phase space wherea real or a virtual gluon has vanishing four-momentum (soft) or becomes collinear toanother massless parton.To better illustrate the appearance of these divergences in QCD we consider the or-der αs = g2

s4π (gs is the strong coupling) corrections to the production of hadrons inelectron-positron collisions, namely e+e− → hadrons. This reaction proceeds via e+e−annihilation into a quark-anti-quark pair at lowest order. The Born process, shown infigure (1), is a purely Quantum Electrodynamics (QED) process whose cross section isgiven by
σBorn
qq = 4πα2

Q2 Nc
∑
q
e2
q , (1)

where the sum runs over the different flavours of the quarks, α is the QED coupling,
Nc (= 3) accounts for all possible colour states, Q2 = 2p1 · p2 is the centre of massenergy of the e+e− pair and eq are the electrical charges of the quarks in unit ofelectron charge. The order αs corrections to the cross section are given by diagrams inwhich a real gluon is emitted in the final state, and diagrams in which a virtual gluon isexchanged (interfered with a Born graph) as depicted in figure (2). The real and virtualcontributions are both separately divergent in the unresolved limits and give a finite,and thus physical, result only after being combined together. Unresolved means thatthe energy of the gluon is much smaller than the energy (Q) involved in the process orthat the gluon is emitted almost parallel to one of the two fermions and cannot thereforebe distinguished from it. For the sake of clarity, we will now consider the case wherethe emitted real gluon has vanishing energy (note that since the gluon is massless, thisis equvalent to kµ → 0). The sum of the amplitudes for the emission of a gluon fromthe quark and antiquark respectively in the kµ → 0 limit is given by

iMsoft(e+e− → qq+ g) = (iMB)× (−gsta){q1 · ε(k )
q1 · k − q2 · ε(k )

q2 · k
}
. (2)

Where MB represents the amplitude for the Born process and ta is the generator ofthe fundamental SU(3)c representation. Taking the square and averaging (summing)
  p1

p2

q1

q2Figure 1: Leading order Feynman diagram for e+e− to hadrons
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Figure 2: Real gluon emission (left graph) and virtual gluon exchange in e+e− annihi-lation
over the initial (final) state quantum numbers we get

|Msoft|2 = |MB|2CFg2
s

2q1 · q2(q1 · k )(q2 · k ) , (3)
where CF (= N2

c−12Nc = 43 ) is the Casimir of the fundamental SU(3)c representation. Inparticular, it is important to note the factorised form of the squared amplitude. This,as we are going to show in more detail in section (2.2), is a general feature of the softemissions1. From the squared amplitude we turn to the cross section by supplying thephase space factor for the gluon
σqqg = CFg2

sσBorn
qq

∫ d3~k2k0(2π)3 2q1 · q2(q1 · k )(q2 · k ) . (4)
Let us now consider the process in the rest frame of the virtual photon and let us call
θ the angle between the gluon and the quark 3-momenta. We have then

σqqg = CF
αs2π σBorn

qq

∫
d cos θ dk0

k0 4(1− cos θ)(1 + cos θ) . (5)
The cross section for producing an extra gluon is therefore divergent in three regions• when the emitted gluon has vanishing energy (k0 → 0),• when the emitted gluon is parallel to the direction of the quark (cos θ = 1, θ = 0),• when the emitted gluon is parallel to the direction of the antiquark(cos θ = −1, θ = π).The first divergence is called soft while the last two are called collinear. Both diver-gences are of infrared type. As already stated above, the sum of the real and virtualcorrections of order αs to the production of hadrons in e+e− annihilation is finite. It fol-lows that the virtual corrections must have the same kind of singularities, with oppositesign. This cancellation is a consequence of a general theorem in quantum mechanics,the Kinoshita-Lee-Nauenberg (KLN) theorem [18] [19]. Roughly speaking, the theorem

1Note that in presence of more than three coloured particles at Born level, strict factorisation does nothold because of non trivial soft colour-correlations.
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deals with divergences that arise because of degeneracy in the final state. For exam-ple, the final state with an extra soft gluon is nearly degenerate with the state with nogluons at all, and the state with a quark split up into a quark plus a gluon, with paral-lel momenta, is degenerate with the state with no radiation at all. The theorem statesthat the cross section obtained by summing up over degenerate states are not divergent.
2.1 Jet cross sectionsAt the beginning of this chapter, we briefly discussed the production of a quark-antiquarkpair in e+e− annihilation. As already argued, its cross section is not physically mean-ingful, since coloured partons are never observed in the final state. A physically moremeaningful quantity is the cross section for e+e− to hadrons. One must therefore definea cross-section that is calculable and finite in perturbation theory and that in some waycharacterises the hadronic final state. A possible observation is that the distribution ofthe final state hadrons should be reminiscent of that of the “hard” partons describedby perturbation theory. Soft and collinear partons are copiously produced in all-orderQCD, leading to configurations characterised by sprays or clusters of hadrons, calledjets, along the direction of the hard partons. Many different definitions of jets exist inthe literature and all of them are based on a so-called jet-algorithm. Jet algorithmsprovide a set of rules for grouping particles into jets. They usually involve one or moreparameters that indicate how close two particles need to be in order to belong to thesame jet. The first definition of jets, designed for e+e− collision processes, goes back toSterman and Weinberg [20] and reads as follows. A hadronic event in e+e− collisions,with centre-of-mass energy Q, contributes to the Sterman-Weinberg 2-jet cross sectionif we can find two cones with opening angle δ containing all the energy of the eventexcept at most a fraction ε � 1 of the total energy. We distinguish three contributions(a) the virtual cross section contributes to the 2-jet cross section, irrespective of thevalue of ε and δ .(b) The real cross section, with one gluon emission, when the energy of the emittedgluon k0 is limited by k0 < εQ, contributes to the 2-jet cross section.(c) The real cross section, when k0 > εQ, when the emission angle with respect tothe quark (or antiquark) is less than δ , contributes to the 2-jet cross section.The contributions are

σa = −σBorn 2αs
π CF

∫ Q

0
dk0
k0
∫ 1
−1

d cos θ1− cos2 θ , (6)
σb = σBorn 2αs

π CF
∫ εQ

0
dk0
k0
∫ 1
−1

d cos θ1− cos2 θ , (7)
σc = σBorn 2αs

π CF
∫ Q

εQ

dk0
k0
[ ∫ 1

cos δ
d cos θ1− cos2 θ + ∫ cos(π−δ)

−1
d cos θ1− cos2 θ

]
. (8)
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Summing the three contributions plus the Born cross section together we get a 2-jetcross section that depends on the two parameters ε and δ

σ2-jet(ε, δ) = σBorn
(1− 4αs

π CF log(ε) log(δ2 ) +O(α2
s )). (9)

In particular the result is finite meaning that all the divergent pieces canceled out.This follows from the fact that the Sterman-Weinberg jet algorithm, at order αs, allowsone to sum up over all degenerate states leading thus to an IR safe observable. TheSterman-Weinberg algorithm, while giving a physically clean picture, is however nolonger used since not well suited for analysing multi-jet final states. Reconnecting tothe actual process under consideration in this thesis, we will now introduce a set ofjet-algorithms that is widely used in hadron-hadron collisions and that is part of alarger class of algorithms called sequential recombination jet algorithms (see ref [21]for more details).
2.1.1 kT type algorithms with incoming hadronsThe main idea in sequential recombination algorithms is to introduce a measure ofdistance dij between two particles i and j and a jet resolution threshold dcut. Thealgorithm then works as follows1. compute the distances dij between all the pairs of particles i, j ,2. find the minimal dij ,3. if dij < dcut recombine the two particles into a single particle and go back tostep 1,4. if dij > dcut stop the algorithm and classify all particles as jets.Additionally one has to define a recombination scheme, which indicates what momentumto assign to the combination of two particles, the simplest is the 4-vector sum.In hadron-hadron collisions an additional precaution needs to be taken due to the factthat divergences in the QCD branching probabilities are not just between pairs of out-going particles, but also between an outgoing particle and the incoming beam direction(see section (2.3) for more details). This can be taken into account by introducing theidea of an additional particle-beam distance diB . Moreover, in hadronic collisions, itis standard to use variables that are invariant under longitudinal boosts (such as thetransverse momentum and the rapidity).To cluster the particles in kT -algorithms, one can introduce a general class of distancemeasures in momentum space, each classified by an integer p, namely

diB = (p⊥,i)2p for each parton i,
dij = min(p2p

⊥,i, p
2p
⊥,j )∆R2

ij

R20 for each parton pair i, j . (10)
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Where

∆Rij = (yi − yj )2 + (φi − φj )2, (11)
denotes the distance between the two particles i and j in the rapidity-azimuth spaceand R0 plays the role of a jet resolution threshold in the sense that two particles arenot recombined togheter if their distance is greater then R0.By now we have motivated the appearance of IR divergences in perturbative QCDcalculations. Moreover we have explicitly shown, by means of the e+e− → jets example,how one needs to define physical observables in order for this divergences to cancel. Inthe following section we will describe the behaviour of QCD matrix elements at order αsin the soft and collinear limits, i.e. we will present the well-known factorisation formulae(see Ref. [22]). The knowledge of these limits is fundamental for the computation ofhigher order cross-section corrections because it allows one to isolate the singularitiesof the cross-sections in the intermediate steps of the computation, i.e. in the separatecomputation of real and virtual contributions.
2.2 Infrared factorisation of QCD amplitudesWe consider a process characterised by m partons, with momenta p1, ..., pm, in the finalstate at lowest order. We denote the corresponding tree level matrix element as Mm.The matrix element has the following structure

Mc1,...,cm;s1,...,sm
a1,...,am (12)

where {c1, ...cm}, {s1, ...sm} and {a1, ...am} respectively denote the colour, spin andflavour of the m final state QCD partons.In the following we use the conventional dimensional regularisation (CDR) with d =4 − 2ε space-time dimensions and consider two helicity states for the fermions and
d − 2 helicity states for the gluons.We also define the spin-polarisation tensor

T s1,s′1a1,...,am = ∑
spins6=s1,s′1

∑
coloursM

c1,...,cm;s1,...,sm
a1,...,am

[
Mc1,...,cm;s′1,...,sma1,...,am

]† (13)
which is the square of the matrix element (12) summed over all spin and colours apartfrom s1.
2.2.1 Factorisation in the collinear limitWe consider now the limit in which two of the final state QCD partons, say p1 and p2,become collinear to each other. This limit can be precisely defined as follows

pµ1 = zpµ + kµ⊥ −
k2
⊥
z

nµ2p · n , pµ2 = (1− z)pµ − kµ⊥ − k2
⊥1− z nµ2p · n ,

s12 ≡ 2p1 · p2 = − k2
⊥

z(1− z) , k⊥ → 0 . (14)
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In equation (14) we introduce the Sudakov decomposition: the lightlike (p2 = 0) vector
pµ denotes the collinear direction while nµ is an auxiliary light-like vector needed tofix one of the four degrees of freedom of the p1, p2 four-vectors.In the small k⊥ limit (i.e. neglecting terms that are less singular then 1/k2

⊥), the squareof the matrix element (12) fulfils the factorisation formula
|Ma1,a2,...(p1, p2, . . . )|2 ' 2

s12 8πµ2εαs T ss′a,...(p, . . . ) P̂ss′a1a2 (z, k⊥; ε) , (15)
where µ is the dimensional regularisation scale. The spin polarisation tensor is obtainedby replacing the partons a1 and a2 with a single parton denoted by a.The parton a carries the quantum numbers of a1 + a2 in the collinear limit. Thus, itsmomentum is pµ and its other quantum numbers are obtained according to the followingrule: gluon + anything gives anything and quark + antiquark gives gluon.The kernel P̂ss′a1a2 (z, k⊥; ε) is the d-dimensional Altarelli-Parisi (AP) splitting function.The explicit expression for the splitting functions is (at 1 loop)
P̂ss′qq (z; ε) = P̂ss′q̄q̄ (z, k⊥; ε) = δss′

CF2
[1 + z21− z − ε(1− z)

]
, (16)

P̂ss′gq (z; ε) = P̂ss′gq̄ (z, k⊥; ε) = δss′
CF2

[1 + (1− z)2
z − εz

]
, (17)

P̂µνqg (z, k⊥; ε) = P̂µνq̄g (z, k⊥; ε) = TR2
[
−gµν + 4z(1− z)kµ⊥kν⊥

k2
⊥

]
, (18)

P̂µνgg (z, k⊥; ε) = 122CA [−gµν ( z1− z + 1− z
z

)
− 2(1− ε)z(1− z)kµ⊥kν⊥

k2
⊥

]
. (19)

The AP kernels can be considered as matrices acting on the spin indices s, s′ of thespin polarisation tensor. In particular note that the splitting functions (16) and (17)originating from the splitting of a fermion are proportional to the unity matrix in the spinindices. The splitting functions (18) and (19) instead, originating from the splitting ofa gluon have an explicit k⊥− dependence producing non-trivial azimuthal dependencewith respect to the directions of the other momenta in the factorised matrix element.Equations (16)–(19) lead to the more familiar form of the d-dimensional splitting func-tions only after average over the polarisations of the parton a. This is obtained bymeans of the factors 12δss′ (20)
for a fermion, and (the gauge terms are proportional either to pµ or to pν )1

d − 2dµν (p) = 12(1− ε) (−gµν + gauge terms) (21)
with

−gµνdµν (p) = d − 2 , pµ dµν (p) = dµν (p) pν = 0 , (22)
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for a gluon with on-shell momentum p.Denoting by 〈P̂a1a2〉 the average of P̂a1a2 over the polarisations of the parent parton a,we have:

〈P̂qq(z; ε)〉 = 〈P̂q̄q̄(z; ε)〉 = CF2
[1 + z21− z − ε(1− z)

]
, (23)

〈P̂gq(z; ε)〉 = 〈P̂gq̄(z; ε)〉 = CF2
[1 + (1− z)2

z − εz
]
, (24)

〈P̂qg(z; ε)〉 = 〈P̂q̄g(z; ε)〉 = TR2
[1− 2z(1− z)1− ε

]
, (25)

〈P̂gg(z; ε)〉 = 122CA [ z1− z + 1− z
z + z(1− z)] . (26)

2.2.2 Factorisation in the soft limitIn the following we consider the emission of a soft, i.e. with vanishing four-momentum,gluon off a hard parton.Unlike for the collinear radiation, the soft gluon emission does not change the momentumof the radiating parton. However, since the gluon carries a colour, it will change thecolour of the emitter. This leads to non-trivial colour correlations between the matrixelements.To discuss the soft factorisation formulas we consider the same general QCD processas in Eq. (12) assuming that one of the partons, say p1, is a gluon. In particular weconsider the case in which the gluon becomes soft and is emitted by an external leg.Internal lines that go on-shell do not lead to a soft singularity and therefore will notbe considered.The general factorisation formula of the matrix element (12) in the pµ1 → 0 limit can bewritten as
Ma(p1; p2, ..., pm) ' igsµεεµ(q)Jµ,aM({pi}), (27)where Jµ,a is called Eikonal current and is defined as

Jµ,a = m∑
i=1 T

a
i

pµi
pi · p1 . (28)

The factor T ai is a general “colour operator” and depends on whether the emitter is agluon or a fermion. In particular we have
T acc′ =


tacc′ outgoing q or incoming q,
−t†acc′ outgoing q or incoming q,
ifcac′ gluon. (29)

Moreover colour conservation is expressed as∑
i
T ai = 0 . (30)
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1

k

2

3Figure 3: Process with 3 hard coloured partons and one soft gluon
By squaring Eq. (27) and summing over the gluon polarisations we arrive at the well-known soft-gluon factorisation formula for the squared tree-level amplitude:

|M(p1; p2, ..., pm)|2 ' g2
sµ2ε2∑

i,j
T ai T aj Sij (p1)|M(p2, ..., pm)|2, (31)

where Sij (p1) is the eikonal function and is given by
Sij (p1) = pi · pj2(pi · p1)(pj · p1) . (32)

The product of the colour operators on the right-hand side of Eq. (31) can in somespecial cases be expressed as a linear combination of Casimir invariants of the colourgroup. In these cases we say that the algebra “closes”. In particular, the algebra“closes” when there are three or fewer coloured hard partons.To illustrate this we consider a general process with three emitting partons (gluons orquarks) p1, p2, p3 and additional soft radiation k as shown in Figure (3). Using thecolour conservation formula in Eq. (30) we can write
2TiTj = T 2

k − T 2
i − T 2

j ,with (i, j , k ) ∈ {1, 2, 3} (33)
T 2
i = {CF if parton i is a quark or antiquark,

CA if parton i is a gluon. (34)
Equation (31) then becomes

|M(k ; p1, p2, p3)|2 ' g2
sµ2ε2((T 23 − T 21 − T 22 )S12(k ) + (T 22 − T 21 − T 23 )S13(k )

+ (T 21 − T 22 − T 23 )S23(k ))|M(p1, p2, p3)|2. (35)
2.3 Coloured partons in the initial stateAs we briefly pointed out at the beginning of this chapter, the soft and collinear diver-gences cancel out provided that the production cross section is defined inclusively, i.e.the final state F is produced, where F is an ensemble of jets and/or heavy particles,
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p p

l l

q q

k

Figure 4: Amplitudes for virtual photon scattering off a quark
but allowing for the production of additional radiation X .This is a general property of the scattering of non coloured partons, so leptons or pho-tons. If the scattering involves coloured particles in the initial state, the IR divergencesin the final state still cancel for inclusive observables. However, mass singularitiesassociated with collinear emission in the initial state do not cancel out and requireseparate treatment.To better illustrate how collinear divergences in the initial state are treated in scat-tering processes with coloured partons in the initial state, we consider the scatteringof a virtual photon off a “free” (i.e. independent of being inside a proton) quark withmomentum p (see ref [23]) as showed on the left hand side of Figure (4).

γ∗(q) + q(p)→ q(l) (36)
At lowest order in QCD, the virtual photon sees a point-like quark; hence the “free”quark distribution function is given by

q(0)free(x) = δ(1− x). (37)
Higher order corrections generate a colour field surrounding the quark. Note that forthe rest of this section we will use the lower indices “free” and “proton” to denote aquark independent of its life in the proton and a quark in the proton, respectively.Next we consider the order αs correction to the “free” quark distribution coming fromthe collinear emission of a gluon from the initial state quark as shown on the right handside of figure (4).This correction together with the leading order contribution gives

qfree(x) = δ(1− x) + αs
π

(
〈P̂qq(x)〉 log(Q2Λ2

)+ C (x)) (38)
where 〈P̂qq(x)〉 is the azimuthally averaged, unregularized AP splitting function obtainedfrom equation (16) for d = 4 and C (x) is a calculable function. The important thingto note here is the collinear divergence associated to the limit in which the gluon isemitted collinearly to the quark. It is exposed as a logarithmic enhancement in thecut-off Λ on the gluon transverse momentum.This is not quite the complete answer for qfree. The full result requires the inclusion ofvirtual gluon radiation as well. A physical argument that provides a useful short-cut to
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this computation is to note that because the delta function δ((p + q)2) is common toall the virtual diagrams, their contribution to the quark distribution is proportional to
δ(1− x). Thus, for example, the splitting function becomes

〈P̂qq(x)〉 → 〈P̂qq(x)〉+ Aδ(1− x). (39)
Second, in order to conserve quark (i.e. Baryon) number, the integral of the quarkdistribution cannot vary with Q2. This implies that the function on the right hand sideof Eq. (38) must integrate to 0. We can use this condition to fix the coefficient A. Thefinal answer is the same as before with the unregularised splitting kernel replaced bythe regularised one:

〈Pqq(x)〉 = CF2
[ 1 + x2(1− x)+ + 32δ(1− x)

]
. (40)

Note that we have introduced the “plus” distribution prescription in order to regulatethe soft divergence at x → 1.We therefore have
qfree(x, Q2) = δ(1− x) + αs

π

(
〈Pqq(x)〉 log(Q2Λ2

)+ C (x)). (41)
At variance to the previous section, this collinear divergence is not subject to thetheorems of cancellation of singularities since the underlying hard-scattering process
γ∗+q → q+X probes the quark density at scales given by the virtuality of the photonand is not completely inclusive over the initial state.The situation is even more severe when considering the realistic case of a quark insidethe proton. In fact, in order to obtain the quark distribution inside the proton, we needto convolute Eq. (41) with the probability density function q0(x) of finding a quark inthe proton and also take into account that the quark carries in general a fraction ξ ofthe proton’s total momentum. This gives
qproton(x, Q2) = q0(x) + αs

π

∫ 1
x

dξ
ξ q0(ξ){〈Pqq( xξ

)
〉 log(Q2Λ2

)+ C
(
x
ξ

)}
. (42)

Analogously to the renormalisation of the coupling constant, we can regard q0(x) as abare, non measurable, quantity. The collinear singularities are absorbed into this baredistribution at a “factorisation scale” µ.In other words, we define a “renormalised” distribution qproton(x, µ2) by
qproton(x, µ2) = q0(x) + αs

π

∫ 1
x

dξ
ξ q0(ξ){〈Pqq( xξ

)
〉 log(µ2Λ2

)+ C
(
x
ξ

)}
, (43)

and then rexpress the bare distribution in terms of the renormalised as
q0(x) = qproton(x, µ2)− αs

π

∫ 1
x

dξ
ξ qproton(ξ, µ2){〈Pqq( xξ

)
〉 log(µ2Λ2

)+ C
(
x
ξ

)}
.(44)
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This gives
qproton(x, Q2) = qproton(x, µ2) + αs

π

∫ 1
x

dξ
ξ qproton(ξ, µ2){〈Pqq( xξ

)
〉 log(Q2

µ2
)+ ...

}
,(45)

and is finite. In equation (45), the ellipses stand for the finite (non-logarithmic) con-tributions. It is interesting to note that in this procedure of absorbing the logarithmicsingularities in the bare distribution, there is still arbitrariness in how the finite con-tributions are treated. How much finite contribution is factored out (i.e. absorbed inthe bare distribution) is what defines the so-called “factorisation scheme”. In particular,in this thesis, all calculations are done in the MS scheme, where in addition to thedivergent contribution, only a ubiquitous log(4π)−γE contribution is absorbed into thebare distribution.
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3 qT subtraction method
At the beginning of the previous chapter we briefly illustrated the appearance of in-frared divergences in real radiation corrections. In particular, we have seen that thesedivergences appear only after integrating on the phase space of the emitted partons,in contrast to the explicit structure of the poles in ε in virtual corrections. The eas-iest way to make the cancellation between real and virtual corrections manifest is tointegrate over the entire phase space of the real parton emitted. In doing so, however,kinematic information about the process is lost. To see this, consider again the process
e+e− → hadrons at NLO, which was discussed in Chapter (2). For this particularexample, integration over the entire phase space of the emitted real gluon would leadto the full NLO cross section

σtot = σ2−jet + σ3−jet . (46)
One would thus lose kinematic information about the 2-jet and 3-jet processes, whichcould in principle be measured at an e+e− collider. This motivates the introduction ofa so-called subtraction scheme, a method that allows to extract the singularities of thereal correction without having to integrate over the entire phase space of the radiatedparton.Roughly speaking, subtraction procedures can be divided into two categories• Local subtraction method,• Slicing methods.The basic idea of local subtraction methods (see e.g. [24], [25] and [26]) is to identifya function S that reproduces the matrix elements in the unresolved (IR singular) limitsand is simple enough to be integrated over the unresolved phase space. This functioncan then be subtracted from the real correction to make it finite, and added back to thevirtual correction to cancel the infrared poles. The discussion of this type of subtractionmethods is beyond the scope of this thesis and will not be discussed further.In this thesis, for the computation of NLO cross sections, we make use of the qT -subtraction method (see Ref. [11]). This method can be classified as a slicing method.The basic idea of qT -subtraction is to identify an observable, qT , that represents a
good resolution variable in the sense that• for qT > 0 the real emission cross section cannot be divergent. The real correc-tions are then finite and they have the IR structure of a LO + jet computation.• All the IR divergences are contained in the small qT limit.One can then use this observable to slice up the phase space into an unresolved partand a resolved part. This can be schematically written as∫

dΦ∫ qmax
T

0 |MR |2FdqT = ∫ dΦ(∫ qcut
T

0 |MR |2FdqT + ∫ qmax
T

qcut
T

|MR |2FdqT
)
,

(47)



15
where dΦ represents the additional variables on which the real phase space dependsand F is a general measurement function.The slicing in qT on the r.h.s. of the above equation allows us to identify the integralfor 0 < qT < qcut

T with all the Born-like soft-collinear contributions and the integralfor qT > qcut
T with the finite LO+jet contribution.For a generic massive non coloured final state F, one can write the qT -subtractionformula schematically as

dσFNLO = HFNLO ⊗ dσFLO + lim
qT /Q→0

[
dσF+jetLO − dσCTNLO

]
, (48)

In particular the first term on the right hand side of the above equation represents allthe contributions that live at qT = 0 while the second term represents the subtractedreal corrections.To illustrate each piece of the qT subtraction formula in further detail we consider theexplicit example of Higgs production at NLO.
3.1 Setup of the calculationThe SM Higgs boson does not couple directly to gluons (or photons), while it couplesto quarks via a Yukawa interaction proportional to the quark mass. Hence in QCD with
nf = 5 light flavours, Higgs production in gluon fusion is mediated trough a heavy topquark loop. If all scales involved in the process under consideration are substanstiallysmaller then the top quark mass, it is possible to integrate out the top quark loop bytaking the limit mt →∞. The resulting effective field theory (EFT) lagrangian consistsof five-flavour QCD and a term coupling the Higgs field to the square of the gluon fieldstrength tensor,

Leff = −14AHGaµνGa,µν . (49)
The effective coupling A is given by

A = αs3πv +O(α2
s ), (50)

where v is the vacuum expectation value parameter, v2 = (GF√2)−1.The effective Lagrangian generates three interaction vertices depicted in the figure(5)with the corresponding Feynman rules. The two-gluon-Higgs-boson vertex is propor-tional to the tensor
Hµν (p1, p2) = gµνp1 · p2 − pν1pµ2 , (51)while the vertices involving three and four gluons and the Higgs boson are exactlyproportional to their counterpart from pure QCD

V µνρ(p1, p2, p3) = (p1 − p2)ρgµν + (p2 − p3)µgνρ + (p3 − p1)νgρµ , (52)and
X µνρσabcd = fabefcde(gµρgνσ − gµσgνρ) + facefbde(gµνgρσ − gµσgνρ)+ fadefbce(gµνgρσ − gµρgνσ ) . (53)



16
p1, μ, a p1, μ, a

p1, μ, a

p2, ν, b

p2, ν, b

p2, ν, b

p3, σ, c

p3, σ, c

p4, λ, d

iAδabHμν(p1, p2) −Agf abcVμνσ(p1, p2, p3)

−iAg2Xabcd
μνσλ

Figure 5: Interaction vertices in HEFT
3.2 Higgs production at NLOWe look at inclusive Higgs production in gluon gluon fusion2

g(p1) + g(p2)→ H(p) + X (k ) (54)
where p1, p2 are the momenta of the incoming gluons, p is the momentum of the Higgsand k is the momentum of the additional radiation.We start discussing the needed counterterm within the qT -subtraction formalism. Forthis we need to consider the real corrections, where one parton recoils against theHiggs. For Higgs production at NLO, in the gg-channel, the extra parton is always agluon as showed in Figure (6) . The kinematics of the process in equation (54) can beworked out in terms of the usual Mandelstam invariants

s = (p1 + p2)2, t = (p1 − p)2, u = (p2 − p)2 and z = m2
H
s , (55)

and with qT = tu
s the transverse momentum of the Higgs. We denote the correspondingmatrix element as Mgg→hg(p1, p2, p, k ).We observe that, when qT is small, the additional gluon is constrained to be eithercollinear to one of the incoming partons or soft. Thus the qT → 0 limit contains thethree possible singular regions of the Mgg→hg matrix element:• first collinear region: p1 · k → 0 ;• second collinear region: p2 · k → 0 ;

2At NLO, two other channels (qg and qq) have to be considered. However, to illustrate the general ideaof qT -subtraction, we restrict ourselves to the gg-channel only.
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Figure 6: All Feynman diagrams contributing to the real correction at NLO in HEFT
• soft region: kµ → 0 .As shown in Ref. [27], it is possible to capture all singular limits by a single “collinear”factorisation formula

lim
qT→0 |Mgg→Hg|2 ' 8παsµ2ε

zp1 · k 〈P̂gg(z)〉|Mgg→H (zp1, p2, p)|2 + (1↔ 2). (56)
as a result of colour-coherence. The counterterm can be therefore written as

σCT
gg→Hg = ∫ 1

τ0dx1
∫ 1
τ0/x1dx2fg(x1)fg(x2) ∫dΦd2 (k, p) lim

qT→0 |Mgg→Hg|22ŝ Θ(qT − qcut
T ) (57)

= αs
π

(4π2µ2
m2
H

)ε ∫ 1
τ0dx1

∫ 1
τ0/x1dx2fg(x1)fg(x2) 12ŝ

∫
dΩd−2

∫ (xmax
T )2

0
dx2

T
x2
T

(x2
T )−ε

× (1− z)
m2
H

√(1− z)2 − 4zx2
T

〈P̂gg(z)〉|Mgg→H (zp1, p2, p)|2 + (x1 ↔ x2) , (58)
where in the last step we substituded the explicit formula for the two body phase space(see Appendix A) and used∫ 1

−1d cos θ(δ+ + δ−) 1
p1 · k = 2(1− z)

m2
Hx2

T
. (59)

Next we perform the change of variables
(x1, x2)→ (x̃1, x̃2) with x̃1 = zx1 and x̃2 = x2 (60)

and then again
(x̃1, x̃2)→ (τ, y) with τ = x̃1x̃2 and y = 12 log( x̃1̃x2

)
. (61)
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Moreover we can insert

1 = ∫dzδ(1− z) = ∫dzτδ(τ − m2
H
S ), (62)

and get
αs
π

( 4πµ2
m2
H

)ε
Γ[1− ε]

∫ − ln√τ0
ln√τ0 dyfg(x̃2)σ̂ (0)

gg→H

∫ (xmax
T )2

0
dx2

T
x2
T

(x2
T )−ε

×
∫ zmax
x̃1

dz
z

1− z√(1− z)2 − 4zx2
T

〈P̂gg(z)〉fg( x̃1z
)+ (x1 ↔ x2) , (63)

with τ0 = m2
H

Shad . The limits of z are given by the kinematics. In particular, since we areinterested in the small qT limit, we can approximate
zmax ≈ 1− 2xT .The integral over the threshold variable z can then be written as∫ 1−2xT

x̃1
dz
z

1− z√(1− z)2 − 4zx2
T

〈P̂gg(z)〉fg( x̃1z
)

= ∫ 1−2xT
x̃1

dz
z

(1− z)〈P̂gg(z)〉fg( x̃1z )− zCAfg(x̃1)√(1− z)2 − 4zx2
T

(64)
+ CAfg(x̃1) ∫ 1−2xT

x̃1 dz 1√(1− z)2 − 4zx2
T

. (65)
The integral in equation (64) is finite for every xT thus, if we are only interested in thesmall qT limit, we can simply set xT = 0. This gives∫ 1

x̃1
dz
z

(1− z)〈P̂gg(z)〉fg( x̃1z )− zCAfg(x̃1)1− z (66)
=∫ 1

x̃1
dz
z 〈Pgg(z)〉fg( x̃1z )− CAfg(x̃1) log(1− x̃1)− (11CA − 2nf )12 fg(x̃1) , (67)

with the regularised splitting function
〈Pgg(z)〉 = CA

[
z(1− z)+ + 1− z

z + z(1− z)] + 12δ(1− z) (11CA − 2nf )12 . (68)
The integral in equation (65) can be evaluated explicitly and then expanded for small
xT

CAfg(x1) ∫ 1−2xT
x1 dz 1√(1− z)2 − 4zx2

T

≈ CAfg(x1)(log(1− x1)− log(xT )). (69)
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The updated counterterm reads

αs
π

( 4πµ2
m2
H

)ε
Γ[1− ε]

∫ − ln√τ0
ln√τ0 dyfg(x̃2)σ̂ (0)

gg→H

∫ (xmax
T )2

0
dx2

T
x2
T

(x2
T )−ε

×
{∫ 1

x̃1
dz
z 〈Pgg(z)〉fg

(
x̃1
z

)
− (11CA − 2nf )12 fg(x̃1)− CA log(xT )fg(x̃1)}

+ (x̃1 ↔ x̃2). (70)
This is almost the final form of the counterterm, the only thing we still need to takecare of is the integration over xT . In particular, having already identified xT as a goodresolution variable, we can apply the slicing method discussed above and write∫ (xmax

T )2
0

dx2
T

x2
T

(x2
T )−ε{A+ B2 log(x2

T )}
=(∫ r2cut

0 dx2
T + ∫ (xmax

T )2
r2cut

dx2
T

)(x2
T )−ε
x2
T

{
A+ B2 log(x2

T )} , (71)
where A and B represent the terms in the second line of equation (70). The firstintegral on the second line of the above equation represents the Born-like soft-collinearapproximation (see equation (47)), therefore, for the computation of the counterterm weonly have to focus on this piece:∫ r2cut

0 dx2
T (x2

T )−1−ε{A+ B2 log(x2
T )}

=− (Aε + B2ε2
)+(A log(r2cut) + B4 log2(r2cut)) +O(ε) . (72)

From the above computation we get the divergent rcut = 0 contribution, regulated bythe poles in ε. This piece contributes to the H-function in equation (48) as
lim
rcut→0 σggCT = αs

π

( 4πµ2
m2
H

)ε
Γ[1− ε]

∫ − ln√τ0
ln√τ0 dy σ̂

(0)
gg→H

{
fg(x̃1)fg(x̃2)

×
[
CA2ε2 − (11CA − 2nf )12 1

ε

]
− fg(x̃1)(fg ⊗ 〈Pgg〉)(x̃2) 1ε

}
+ (x̃1 ↔ x̃2) , (73)

with the short hand notation (fg ⊗ 〈Pgg〉)(x̃2) for the convolution of the AP splittingfunction with the gluon pdf.It is important to note that the ε2 pole and the ε pole multiplying the pieces definedat z = 1 cancel when combined with the IR poles of the virtual as expected from theKLN theorem.However, the purely initial state collinear pole, i.e. the one that multiplies the convo-lution of the splitting function, does not cancel with the poles of the virtual. As already
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mentioned in the section (2), this pole is included in the definition of the renormalisedparton distribution function by applying MS subtraction.The other contribution from equation (72) is the one at rcut 6= 0. In particular, this pieceis used to subtract the divergence of the real in d = 4 dimensions. We can thereforewrite the qT subtraction counterterm as
σggCT = αs

π

∫ − ln√τ0
ln√τ0 dy σ̂

(0)
gg→H

{14CAfg(x1)fg(x2)L̃2(rcut )
+ [− (11CA − 2nf )12 fg(x1)fg(x2) + fg(x1)(fg ⊗ 〈Pgg〉)(x2)]L̃1(rcut )} + (x1 ↔ x2) ,(74)with

L̃1(rcut ) ≡ log( 1
r2cut
)
, (75)

L̃2(rcut ) ≡ log2( 1
r2cut
)
, (76)

and the partonic level born cross section (in d = 4) given by
σ̂ (0)
gg→H = α2

s
π

m2
H576v2S . (77)

To complete the NLO calculation, we need to consider the contributions that live at
qT = 0, i.e. the parts that enter the H function (see 48). In the following we list andexplain all these contributions.The Born cross section (σB) is clearly defined at qT = 0 since at this order, in pertur-bation theory, the Higgs is produced with no accompayining radiation.The virtual correction to the LO process is given by the 1-loop amplitude interfered withthe lowest order one. The IR singular structure of the virtual correction is universaland can be found in equation (38) of Ref. [27]. In particular, once the IR singularitiesare subtracted trough a subtraction operator

Ĩgg→H = −14
(
M2
µ2
R

)−ε{( 1
ε2 + iπ 1

ε −
π212
)2CA + 2

ε
(11CA − 2nf )12

} (78)
one gets a finite contribution (the subtracted virtual) |M̃(1)

gg→H |2, with
M̃(1)

gg→H = [1− Ĩgg→H ]M(1)
gg→H . (79)Note in particular that the subtraction operator could in principle be read off the z = 1piece of the integrated counterterm in equation (73).There are two contributions coming from the MS subtraction. One is due to the fact,that only contributions below a factorisation scale µ2

F are subtracted. This contributioncan be represented in direct space as
σB ⊗

αs
π Pgg(z) log

(
Q2
µ2
F

)
. (80)
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The other contribution comes from choosing a specific subtraction scheme, in particularfor the “hard scheme” defined in Ref. [28] this is given by the so called beam functions
Cab(z) and is zero for the specific case of gluon gluon splitting, i.e., Cgg(z) = 0.All in all we can write the full qT = 0 contribution in direct space as
σB ⊗

(1 + αs
π H

H(1)
g − αs

π kβ0 log(Q2
µ2
R

)+ αs
π log(Q2

µ2
F

)(Pgg(z1) + Pgg(z2))) , (81)
where HH(1)

g is the ratio of the subtracted virtual matrix element squared and the Bornmatrix element squared and is defined at µ2
R = Q2

HH(1)
g = |M̃(1)

gg→H (αs(Q2))|2
|M(0)

gg→H (αs(Q2))|2 . (82)
In particular HH(1)

g = CA π
22 + 112 and can be found in eq. (85) of Ref. [28].The factor αs

π kβ0 log(Q2
µ2
R

) (k are the powers of αs at LO, i.e., k = 2 for our case)comes from the running of the coupling and is needed to counterbalance the change ofscale when setting µR = Q in HH(1)
g .

3.2.1 ResultsAll the graphs shown in this section were generated via the code higgs_at_nloimplemented by us and publicly available at:
https://gitlab.com/mark.costantini/h_jet_nlo.In figure (7) we show the rcut dependence of the NLO cross section for gg → H + X ,at 13TeV and for different scales µF and µR . Note that the results are normalisedto the rcut independent NLO cross section obtained by MCFM (which implements thedipole subtraction method, see Ref. [24, 25]). In particular, in the plotted range, weobserve a flat rcut dependence. This is because the power suppressed contributions,left after the cancellation of the logarithmic singularities at small rcut, are quadratic(and thus suppressed in the plotted range) for the inclusive production of a colourlessfinal state [29]. In the following table we compare the rcut = 0 extrapolated result of
qT subtraction against the MCFM result for the 3 different scale variations. We findan agreement whitin a few sigmas. Moreover, by comparing these results with the LOresults we observe a K factor of approximately K ≈ 2.3.NLO [pb] µF = µR = mH µF = mH2 , µR = 2mH µF = 2mH , µR = mH2

qT subtraction 30.749± 0.003 24.341± 0.002 39.310± 0.004
mcfm 30.741± 0.001 24.343± 0.003 39.328± 0.004LO [pb] 13.322± 0.002 10.431± 0.001 17.034± 0.002In figure (8) we plot the NLO differential distribution for the Higgs rapidity obtained withour numerical program against that calculated with MCFM, and find excellent agreement.Moreover, comparing the NLO distribution with the LO distribution we still observe a

K factor of about 2.3.
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Figure 7: Dependence of the NLO gg → H + X cross section on rcut. The results arenormalised to the rcut - independent NLO cross section computed with MCFM
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4 Higgs plus Jet production at NLO
We consider the inclusive production of a Higgs boson together with a high transversemomentum jet in proton proton collisions,

p(P1) + p(P2)→ H(p3) + j (p4) + X. (83)The LO cross section for Higgs production at non-vanishing transverse momentum is at
O(α3

s ) and receives contributions from the parton level processes gg → Hg, q(q)g →
Hq(q) and qq → Hg, with the first two accounting for the bulk of the cross section.The relevant contributions at NLO are listed in the following table.LO gg → Hg qg → Hq qq → HgNLO gg → Hgg gg → Hqq qg → Hqg

qq → Hqq qq → Hgg qq → HqqTo calculate the NLO cross section, we use the qT subtraction method. As mentioned inthe previous section, the basic idea of the qT -subtraction method is to identify an ob-servable that is sensitive to IR radiation and that is related to the transverse momentumof the initial-state radiation. For the case of the production of a massive colour singlet,such as the Higgs, we have seen (see section (3.2)) that the correct observable is thetransverse momentum of the colour singlet itself. However, this is no longer correct ifone has an additional coloured parton in the final state. In the following, we will firstdiscuss the correct identification of the qT subtraction observable for a process withjets in the final state, then the calculation of the qT counterterm, with special attentionto the main differences to the colour singlet case, and finally the calculation of thecontribution that lives at qT = 0.
4.1 qT imbalance and clustering algorithmA first natural guess for qT could be

qT = pHiggs
T + pHardest Parton

T , (84)i.e. one identifies the hardest parton as the jet at parton level. In fact, it is clear thatfor all processes with Born-like kinematics, qT is exactly zero, since the parton andthe Higgs are back-to-back in this configuration. However, special care must be takenwhen there are two partons in the final state. In particular, in the limits in which theradiation is either soft or collinear, the qT observable defined above is vanishing, asit should be. Nonetheless, configurations characterised by the presence of two hardand collinear final state partons have a non-vanishing qT despite being divergent. Weconclude that the definition of qT given in Eq. (84) does not regularise the final statecollinear singularity. We can modify it by defining the jet only after applying a clusteringalgorithm. To do so let us define the kinematics of the process pre-clustering3 as
a(p1) + b(p2)→ H(p3) + c(p4) + d(p5), (85)

3this kinematical variables are to be contrasted with the ones defined post-clustering
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with a, b, c and d generic coloured partons. Given the three final state momenta(p3, p4 and p5) and the two clustering parameters R0 (see section (2.1.1)) and pmin,jet

T ,the clustering algorithm works as follows.1. Check wheter the two partons cluster into a single jet, i.e. compute R4,54 as
R24,5 = 2(cosh(y4 − y5)− cos(φ4 − φ5)) (86)

if R4,5 < R0 → the two partons are clustered together.The resulting event represents a Higgs and a jet perfectly balanced and, hence,
qT = 0. In particular, two collinear partons in the final state will be clusteredtogether, solving the final-state radiation (FSR) issue.

2. Check if the leading jet passes the cut
if pT (pjet) < pmin,jet

T → cut the event .3. Finally apply the cut on the qT of the Higgs plus jet system
if qT < qcut

T → cut the event .The new, post-clustering, kinematics now reads as follows
a(p1) + b(p2)→ H(p3) + j (pjet) + X (k ), (87)with

qT = pHiggs
T + phardest jet

T , (88)and the invariants
Q2 = (p3 + pjet)2, s = (p1 + p2)2, t = (p1 − pjet)2,
u = (p2 − pjet)2, z = Q2

s . (89)
Note in particular that k in (87) represents the additional softer radiation.In this way qT represents a good resolution variable since sensitive to IR radiation.Before presenting the explicit form of the counterterm andH-function, we briefly discussthe relevant contributions to Higgs plus jet production in the collinear/soft regions ofthe 3-particle phase space. This will be of help in understanding the various piecesthat enter in the calculation.In figure (9) we show in a schematical way all the relevant configurations. Diagrams1 and 2 represent the final state splitting of a generic parton into two hard collinearpartons or into a collinear pair of hard parton and soft gluon. These two configurationsare clustered into a single jet (see step 1 of the clustering algorithm) and thus providea Born-like contribution to the process, which can be written as follows

σ jet = σB ⊗ J . (90)
4Note that this radius definition differs from the standard R2 = (∆y)2 +(∆φ)2 definition by terms of order

R4
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Figure 9: Soft/Collinear regions of the 3 - particle phase space
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We refer to the contribution J as the jet function. Diagrams 3,4,5 and 6 represent theinitial state radiation. This type of radiation is already present in the colour singletproduction, we refer to it as σISR. Finally, diagram 7 represents the soft radiation thatis not clustered. This type of radiation enriches the singularity structure of the doublereal contribution and must therefore be included in the counterterm.
4.2 CountertermIn the previous section, we briefly explained the relevant terms that enter into thecalculation. In particular, we saw that the clustering procedure physically regulatesconfigurations in which we have a final state collinear splitting. This means that we donot have to worry about these contributions when constructing the counterterm. Therelevant types of singularities are then• initial state radiation,• soft radiation in the whole cut phase space (i.e. soft radiation that is not clus-tered).We also subtract the soft limit of the collinear approximation to ensure we do not doublecount it.As done in section (3) we can proceed by writing down the hadronic real emission crosssection and then by approximating the real phase space and the matrix elements in therelevant IR singular regions. In full we would have

σCT = ∫ 1
τmindτ

∫ − ln√τ
ln√τ dy lim

qT /Q→0
∫ dΦd32ŝ Θ(qT − qcut

T )
×
∑
a,b

fa(x1)fb(x2)|Md
ab→cdH |2Θ(R3k > R0). (91)

Where c and d represent two generic final state partons.The Θ-function in the second line of Eq. (91) ensures that we only consider unclusteredconfigurations. This cut in the phase space introduces a new technical complication and,in particular, it will change the singularities due to soft radiation. However, hard initialstate collinear radiation should not depend on the phase space cut. This is because byimposing a minimal transverse momentum p3,T > pcut3,T we are automatically separatingthe jet from the beam axis in pT space.The approximated real emission cross section for the process in equation (87) can bewritten as
σCT =T 2

a (σ out
a,coll − σ out

a,coll→soft) + T 2
b (σ out

b,coll − σ out
b,coll→soft)+ TaTbσ outsoft,ab + TaTjσ outsoft,aj + TbTjσ outsoft,bj , (92)

where Ta(b) and Tj represent the colour operators of the parton a(b) and the jet re-spectively. The superscript “out” means that we are considering only radiation outsidethe jet cone (i.e. unclustered configurations). The above double real (or 2-jet) crosssection is approximated in the sense that the matrix element square in equation (91) has
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been replaced with the usual collinear/soft factorisation formula. In particular σ out

a(b),collis obtained via the replacement
|Md

ab→cdH |2 → |Ma(b),coll|2 = 8παsµ2ε
zp1(2) · k P̂(z, ε)|MBorn(zp1(2), p2(1), p3, p4))|2 , (93)

where P̂(z, ε) represents the adequate splitting function for the process under consid-eration. The terms σ outsoft,mn are obtained via replacement of |Md
ab→cdH |2 with

|Msoft,mn|2 = −8παsµ2ε(TmTn pm · pn(pm · k )(pn · k )
)
|MBorn(p1, p2, p3, p4)|2. (94)

Finally σ out
a(b),coll→soft is obtained from equation (93) by taking the z → 1 limit. Thismatrix element can be written as

|Ma(b),coll→soft|2 = 8παsµ2εT 21(2) 1
p1(2) · k

p1 · p2(p1 + p2) · k |MBorn(p1, p2, p3, p4)|2. (95)
It is important to note that σ out

a(b),coll − σ out
a(b),coll→soft in equation (92) only contains hardcollinear divergences. The singularity in this piece is thus independent on wheter thephase space is cut or not. This means that we can rewrite the approximated realemission cross section as

σCT = T 2
aσa,coll + T 2

b σb,coll (96)
− T 2

aσa,coll→soft − T 2
b σb,coll→soft (97)+ TaTbσ outsoft,ab + TaTjσ outsoft,aj + TbTjσ outsoft,bj (98)

The terms in the line (96) represent the initial state radiation (ISR) and were alreadypresent in the colour singlet production discussed in the section (3.2). The terms in thelines (97)-(98) represent the conceptually new contributions to the counterterm due tothe presence of a coloured parton in the final state.In the following we will discuss these contributions and give the analytical formulae forthem.
4.2.1 Initial state collinear countertermThe derivation of the collinear counterterm

σISR = T 2
aσa,coll + T 2

b σb,coll (99)
can be done following the same reasoning as for the Higgs production case. In theappendix (A) we give the explicit formula for the d-dimensional 3-body phase space,necessary to derive the counterterm. To be definite, we present the explicit form ofthe initial state counterterms for the gluon-gluon channel only. This process receivescontributions from two different subprocesses. The gluon-gluon splitting process

g(p1) + g(p2)→ H(p3) + g(p4) + g(p5) (100)
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with
σ gg-splitCT = αs

π

∫ 1
τmindτ

∫ − log√τ
log√τdyfg(x2)

∫ dΦB2ŝ |Mgg→Hg|2
{[∫ 1

x1
dz
z Pgg(z)fg

(
x1
z

) (101)
− 11CA − 2nf12 fg(x1)]L̃1(rcut) + CA4 fg(x1)L̃2(rcut)} + (x1 ↔ x2). (102)

And the gluon to quark splitting
g(p1) + g(p2)→ H(p3) + q(p4) + q(p5) (103)with

σ qg-splitCT = αs
π

∫ 1
τmindτ

∫ − log√τ
log√τdyfg(x2)

∫ dΦB2ŝ |Mqg→Hq|2 (104)
×
{∫ 1

x1
dz
z Pqg(z)fg

(
x1
z

)
L̃1(rcut)}2nf + (x1 ↔ x2). (105)

4.2.2 Soft countertermFor the explicit derivation of the soft counterterm we refer to Ref. [1].It is possible to write the soft counterterm as the sum of three separate contributions:
σ soft
CT = σ softBDC + σ softmm + σ softdec . (106)We call the first piece on the right hand side of equation (106) the “Born decoupling”since it contains the full dependence on the Born kinematics of σ soft

CT . The second termwe call the “mismatch” since it appears only because we are insisting in writing thecollinear radiation over the full phase space. The third term we call the “soft decoupled”piece. Next we will present the analytic formulas needed to compute this terms.
Born DecouplingThe Born decoupling contribution to the counterterm is given by

σ softBDC = αs
π σBorn L̃1(rcut)2 (T 2

a log( tu ) + T 2
b log(ut )). (107)

Note especially that this contribution vanishes if we are considering diagonal channels(like the gg- or qq-channel) where T 2
a = T 2

b .
Decoupled MismatchThe mismatch piece is affected by the phase space cuts i.e. it has an explicit jet radiusdependence. The full R dependent contribution can be written as

σ softmm = αs
π σBorn L̃1(rcut)2 (−T 2

a − T 2
b )Imm(R ) (108)

with
Imm(R ) = 2

π

∫ 1
1− R22

dx√1− x2 log(ξ(x)), (109)
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and

ξ(x) = 1 + (x − (1− R22 )) +√(x − (1− R22 ))(x + (1 + R22 )). (110)
Notice in particular that the integral in equation (109) vanishes in the R → 0 limitgiving therefore a neglectable contribution for very small jet radii.
Decoupled SoftThe decoupled soft term contribution also explicitly depends on the jet radius and isgiven by

σ softdec = αs
π σBorn L̃1(rcut)2 (−TaTj − TbTj )Isoft(R ) (111)

with
ISoft(R ) = − 2

π log(R2(1− R24 )) tan−1
2
√1− R24

R


−
[ 1
π

∫ 1
1− R22

dx log(1− x2)√1− x2
]

+ [ 2
π

∫ 1
1− R22

2dx x1− x2 tan−1(√1− x2
ξ(x)− x

)
− 2 log 2] . (112)

The leading R behaviour of the above integral can be found trough a Laurent expansionin R and is given by
Isoft(R ) ≈ log( 1

R2 ) +O(R ). (113)
Note in particular that the terms in the brackets in equation (112) only lead to powercorrections in R .
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4.2.3 ResultsIn this section we will present the results for the subtraction i.e.

σH+1-jet
R (R )− σH+1-jetCT,NLO (R ) . (114)

As already discussed above, given a certain production channel, say the ab-channel,the full counterterm can be written as
σH+1-jetCT,NLO (R ) = σISR,ab + σ softBDC,ab + σ softmm,ab(R ) + σ softdec,ab(R ) , (115)

with σ softBDC,ab non-zero only for the non-diagonal channel qg.In particular, as we will show explicitly, the counterterm involves full jet radius depen-dence. This means that the subtraction works for any jet radius used in experiments atthe LHC.All the plots shown in the following were generated via our own numerical program(hjet_at_nlo), which is publicly available at
https://gitlab.com/mark.costantini/h_jet_nlo .In particular we use the NNPDF31_nlo_as_0118 PDF set from [30]. The minimal trans-verse momentum of the jet is 30 GeV and the center of mass energy is 13 TeV.In figure (10) we show the dependence of the full R subtracted piece on rcut for the gg-channel and for different jet radii. By comparing these results with the ones obtainedfor Higgs production (see figure (7)) we see that the Higgs plus jet subtracted pieceexhibits a much larger rcut dependence. In particular, the power dependence at NLO isfound to be linear as for the case of heavy quark pair production (see Refs. [13, 31,32]).In general, the rcut dependence is due to the power suppressed contributions that areleft after the cancellation of the logarithmic singularity at small rcut (a more detaileddiscussion can be found in Ref. [33] and references therein).In figure (11) the performance of the leading R subtracted piece to converge to the fullR extrapolated result is shown. In particular from the comparison of figures (10) and(11) it becomes clear that the leading R expansion of the counterterm only works forsmall jet radii like R = 0.1.Finally in figure (12) we show the rcut dependence of the subtracted piece for the qg-and qq′-channels.
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Figure 10: Dependence of the full R subtracted piece on rcut for central scales and a
pHiggs
T ≥ 30 GeV. The results for three different jet radii (0.1,0.3 and 0.8) are presented.
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Figure 11: Dependence of the leading R subtracted piece (normalised w.r.t. the extrap-olated full R result) on rcut for central scales and a pHiggs
T ≥ 30 GeV. The results forthree different jet radii (0.1,0.3 and 0.8) are presented.
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Figure 12: Dependence of the qg- and qq′-channels full R subtracted pieces (normalisedw.r.t. the extrapolated full R result) on rcut for central scales, pHiggs
T ≥ 30 GeV and

R = 0.1.
4.3 H-FunctionTo complete the NLO calculation we need to consider all the pieces that live at qT = 0i.e. all the pieces contributing to the 1-jet process. In the following we will present allthese terms and give the explicit formulas for the gg-channel.
4.3.1 BornThe Born process clearly contributes to the H-function since at this order the Higgsand the jet are exactly “back-to-back” thus giving qT = 0. For the gg → Hg process,as for all other processes contributing to Higgs plus jet production at the same order inperturbation theory, the explicit formulas for the squared matrix elements can be foundin Ref. [34].
4.3.2 Virtual, soft and jet-function contributionIn the section for the colour singlet production we have seen that the IR poles ofthe virtual correction exactly cancel with those of the subtraction operator in equation(78). For the case of Higgs plus jet production, the IR singular structure of the virtualcontribution is known and can be found in equations (3.1)-(3.5) of Ref. [34]. However,the subtraction operator is no longer the same as for the colour singlet production. Inparticular, it receives contributions from the jet function and the soft counterterm.The leading R behaviour of the jet function has been calculated in Ref. [35]. In particular,this calculation does not take into account the power corrections in R and is thereforeonly valid for small jet radii. Depending on whether we have a gluon or a quark as theleading jet with additional collinear radiation, we obtain a gluon- or quark-jet-functioncontribution, respectively. For the case of Higgs plus jet production in the gluon-gluonchannel, we only have a gluon-jet-function contribution, written as:

σggB ⊗ Jg. (116)
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The gluon jet-function reads
Jg = αs

π

(
Q2
µ2
R

)−ε 12
{
CA
ε2 +(2CA (11− 23nf )12 + CA log( 1

R2
)+ CA log( s2tu

))1
ε

+ J1
}
, (117)

where J1 is a finite contribution and is given by
J1 = {− β0 log(R2) + CA4 log2(R2) + log( s2tu

)(
β0 + CA4 log( s2tu

)
− CA2 log(R2))

+ CA
(6718 − 23108nf − π23

)}
, (118)

with
β0 = (11CA − 2nf )12 . (119)

The contribution to the H-function from the soft radiation has been computed in Ref. [1].For this piece the full R dependence is known. However, since we are missing powercorrections in the jet function anyway we only use the leading R terms. We thus addthe following term to the H-function
σggB ⊗ (ΓS + ΓBDC) , (120)with

ΓS = αs
π

(
Q2
µ2
R

)−ε (TaTj + TbTj ) 12ε
( log( 1

R2
)+ ε2 log2(R2))

=︸︷︷︸
gg−channel

αs
π

(
Q2
µ2
R

)−ε2CA 12ε
( log( 1

R2
)+ ε2 log2(R2)) , (121)

and
ΓBDC = −αsπ

(
Q2
µ2
R

)−ε 12ε
(
T 2
a log( tu

)+ T 2
b log(ut

)) (122)
=︸︷︷︸

gg−channel

0 . (123)
Taking into account the jet-function and the soft radiation contribution, we can writethe subtraction operator for Higgs plus jet production in the gluon-gluon channel as

ĨHjet,(1)
gg = −14

(
Q2
µ2
R

)−ε{( 1
ε2 + iπ 1

ε −
π212
)2CA + 2β0

ε (124)
+ CA
ε2 +(2β0 + CA log( 1

R2
)+ CA log( s2tu

))1
ε (125)

+ CA
ε log( 1

R2
)}

. (126)
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The subtracted virtual is then defined as

M̃Hjet,(1)
gg = [1− ĨHjet,(1)

gg ]MHjet,(1)
gg . (127)

Note in particular, that apart from the finite virtual contributions we also need to takeinto account the finite contributions coming from the jet-function and the integratedsoft counterterm. For this purpose we define the hard factor
HHjet,(1)
gg ≡ |M̃

Hjet,(1)
gg |2

|M̃Hjet,(0)
gg |2 + J1 + CA2 log2(R2) . (128)

4.3.3 MS contributionConceptually, the MS contribution to the qT = 0 cross section is equivalent to thecolour singlet case discussed in equation (80). The only complication comes from theexistence of more subprocesses. In particular for the gg-channel additional contributionsneed to be taken into account due to the gluon to quark splitting subprocesses. Thefull MS cross-section can then be written as
MS = [αsπ log(Q2

µ2
F

)(Pgg(z1) + Pgg(z2))) (129)
+ αs
π log(Q2

µ2
F

)2nf (Pqg(z1) + Pqg(z2))) (130)
+ αs
π 2nf (Cqg(z1) + Cqg(z2)))] , (131)

where Cqg(z) = 12z(1− z) and can be found in [28].We now have all the ingredients to compute the full H-function:
HHjet,(1)
gg = σBorn

gg ⊗
(1 + αs

π H
Hjet,(1)
gg − αs

π kβ0 log(Q2
µ2
R

)+MS
) (132)
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5 Results
Having discussed the content of equation (48) for the case of Higgs plus jet production,we will now present the complete NLO results. We use the NNPDF31_nlo_as_0118PDF set from [30]. The jet radius is fixed at R = 0.1, the minimal transverse momentumof the jet is 30 GeV and the center of mass energy is 13 TeV.In figure (13) we show the rcut dependence of the full NLO result (all the partonicchannels contributing at this order combined) for different scales µR , µF .As already stated in section (4.2.3) the rcut dependence is linear as for the case of heavyquark pair production.In the following table we compare the rcut = 0 extrapolated result of qT subtractionagainst the MCFM result for the 3 different scale variationsNLO [pb] µF = µR = mH µF = mH2 , µR = 2mH µF = 2mH , µR = mH2

qT subtraction 13.256± 0.034 11.162± 0.024 15.755± 0.05
mcfm 13.250± 0.007 11.140± 0.005 15.701± 0.01LO [pb] 7.758± 0.007 5.900± 0.005 10.451± 0.01The results are in agreement with the cross section computed with the Catani-Seymoursubtraction formalism within a few sigmas thus providing a strong cross check on ourresult. Moreover, by comparing these results with the LO results we observe a K factorof approximately K ≈ 1.7.In figure (14)-(17) we compare the NLO differential distributions obtained with ourown numerical program (in red) against those obtained with MCFM (in cyan). The qTsubtraction slicing parameter is rcut = 0.0003 and the scales µF and µR are set to thecentral value mH ≈ 125 GeV.In figure (14) we show the NLO differential distribution of the Higgs rapidity. From thegraph it is clear that we find excellent agreement between our and the MCFM resultfor a rapidity range of |yH | ≤ 1.5 (i.e. where the bulk of the events are). The smalldiscrepancy for larger values of the rapidity modulus is due to the lower statistics inthese regions. A computationally more intensive simulation would therefore resolve thediscrepancy. Furthermore, comparing the NLO distribution with the LO distribution (inorange) we still observe a K -factor of about 1.7.In figure (15) and (16), where we plot the invariant mass of the Higgs plus jet pairand the transverse momentum of the Higgs respectively, it is interesting to note thechange in the shape of the distribution for the kinematically allowed minimum values. Inparticular, for figure (16) we note that while at LO the Higgs was exactly back-to-backwith the jet and thus had a sharp cut-off of the transverse momentum at 30 GeV, atNLO, due to the soft unclustered radiation, even smaller values of pT are allowed.Finally, in figure (17), we show the differential NLO distribution of the transversemomentum of the jet. Here again we find excellent agreement between our and the

MCFM result. Furthermore, from the comparison of the NLO and the LO distributions westill observe a K -factor of approximately 1.7.
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Figure 13: Dependence of the NLO pp → H + j + X cross section on rcut = qT /Q.The results are normalized to the rcut - independent NLO cross section computed withCatani-Seymour subtraction
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Figure 15: Invariant mass distribution of the Higgs + jet pair computed at NLO accuracy.Comparison of our result with the MCFM results.
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Figure 16: Transverse momentum distribution of the Higgs computed at NLO accuracy.Comparison of our result with the MCFM results.
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Figure 17: Transverse momentum distribution of the leading jet computed at NLOaccuracy. Comparison of our result with the MCFM results.
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6 Conclusions
Higgs plus jet production is a benchmark process at the LHC and represents an impor-tant observable for new physics searches. In this thesis we have computed the NLOcorrections to this process within qT subtraction. We now summarise our results.In the chapter 2 we discussed the occurrence of IR divergences in perturbative QCDcalculations and, in particular, introduced the factorisation properties of QCD matrixelements (at first order) in these singular limits. These properties are of fundamentalimportance in the computation of IR safe observables and are at the basis of mostsubtraction schemes. In chapter 3 we introduced the qT subtraction scheme throughthe explicit example of Higgs production in gluon-gluon fusion at NLO. In particular, wediscussed the correct identification of the qT subtraction observable and presented allthe analytical formulas needed for this NLO calculation.Chapter 4 was devoted to the presentation of the extension of the qT subtraction for-malism for a process with a jet plus a massive colour singlet in the final state. Weobserved that a jet clustering algorithm is necessary for the qT subtraction observableto regularise all IR singular regions. This, in particular, means that the subtractionexplicitly depends on the jet radius. The calculation of the Higgs plus jet observablewas divided into two parts: the counterterm and the H-function. In particular, we sawthat the counterterm involves the full dependence on R, while the contribution of thejet-function to the H-function is only valid in the small R limit.The full NLO cross section is therefore only valid in the small R limit. We explicitlyverified this validity for jet radii R ≤ 0.1. An important calculation, for the extensionof the work done in this thesis, is therefore represented by the computation of the fullR-dependent jet function.Finally, in the chapter 5, we presented our results. The NLO cross section calculatedwith our numerical program agrees with the corresponding cross section obtained with
MCFM. Moreover, we observe a linear dependence of the qT subtraction NLO cross sec-tion on the slicing variable rcut in contrast to the quadratic dependence of the coloursinglet case. Finally, we compared our NLO results for various kinematical distributionswith those obtained using the MCFM program, and found excellent agreement.
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A 2 and 3 Particle Phase Space
In this appendix we show the explicit form of the two and three particle phase spaceemployed to analytically integrate the collinear limit of the real emission cross sectionin section (3) and (4) respectively.For the two particle case the kinematic is given by

p → k + q , k2 = 0 , q2 = Q2 , ŝ = p2 , z = Q2
ŝ (133)

The two body phase space is defined as∫
dΦd2 (k, q) = ∫ dd−1~k(2π)d−12k0 dd−1~q(2π)d−12q0 (2π)dδ (d)(p − k − q). (134)

Exploiting the c.o.m. frame semplifications this can be written as
14(2π)d−2

∫ dk0(k0)d−3dΩd−1√(k0)2 + Q2 δ(√ŝ − k0 −√(k0)2 + Q2) (135)
= 14√ŝ(2π)d−2

(√
ŝ2 (1− z))d−3∫

dΩd−2
∫ 1
−1dcos θ(sin θ)d−4, (136)

where in the last step we solved the delta function and used:
dΩd−1 = dΩd−2dcos θ(sin θ)d−4.

Further, after a change of variables cos θ → x2
T = q2

T
Q2

cos θ = ±√1− 4zx2
T(1− z)2 (137)

we get∫
dΦd2 (k, q) = ( 4π2

Q2 )ε16π2
∫
dΩd−2

∫ (xmax
T )2

0 dx2
T (x2

T )−ε z√(1− z)2 − 4zx2
T

∫ 1
−1dcosθ(δ++δ−),

(138)
with xmax

T = 1−z2√z . Note that the integral in cos θ is necessary in order to separate theregion in which cos θ is negative from the positive one. In particular
δ+ ≡ δ(cos θ − | cos θ(xT )|), (139)
δ− ≡ δ(cos θ + | cos θ(xT )|), (140)
with | cos θ(xT )| = √1− 4zx2

T(1− z)2 . (141)
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For the three body phase space we have the kinematics

p → k + p1 + p2, ŝ = p2, k2 = 0, q212 = (p1 + p2)2 = Q2. (142)
Using the two body phase space decomposition (see for instance Hitoshi’s notes onphase space) just once we get∫

dΦd3 (k, p1, p2) = ∫ dQ22π dΦd2 (k, q12)dΦd2 (p1, p2). (143)
where dΦd2 (k, q12) is the two particle phase space calculated above and dΦd2 (p1, p2) isthe phase space for p1 and p2 in the frame where they are “back to back”. We cantherefore write
∫
dΦd3 (k, p1, p2) =

( 4π2
Q2
)ε

16π2
∫ Q2max
Q2min

dQ22π
∫
dΩd−2

∫ (xmax
T )2

0 dx2
T (x2

T )−ε (144)
× z√(1− z)2 − 4zx2

T

∫ 1
−1d cos θ(δ+ + δ−) ∫ dΦd2 (p1, p2) . (145)
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