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Exercise 1: Neutrino oscillations

In the Standard Model neutrinos are strictly massless, however the observation of neutrino oscillations
clearly indicate that they are massive and that there is lepton flavour mixing. Hence neutrino the
flavour eigenstates (v, with a = e, u, 7) are mixture of the massive neutrinos (v, with k£ = 1,2, 3) such
that

va) = Ugg Vi) (1)

where U is the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix, that can be

parametrised as

C12€13 512€13 size”’
U = | —s12¢23 — 12523513 €0 C1acog — S12503513 €% sazcyz | x diag(l, €92, '93),  (2)
512893 — C12C23513 €0 —C12893 — S12C23513 € Ca3C13

where ¢;; = cos0;; and s;; = sin §;;, with 60;; the neutrino mixing angles, § denotes the Dirac CP vio-
lating phase and g9 3 are the CP violating Majorana phases (should neutrinos be Majorana fermions).

a) The massive neutrino states are eigenstates of the Hamiltonian, implying that
vk (t)) = e P ) 3)

Show that the oscillation probability in vacuum for a neutrino of flavour « produced at ¢t = 0
(i.e. |va(t =0)) = |vqa)) to be detected at a distance L with the flavour 5 can be expressed as

Am?. L
P(Va — UB; L) = 5045 — 42 %[UékUBkUajUﬁ*j] sin2 ( kg >

. AE
k>j
Amz-L
* * : J
+ 2§ (U UskUa;Uj;) sin oV ) (4)
J

where Am%j = m% — m]?.
Hint: we consider ultrarelativistic neutrinos, approximate that the propagation time ¢ is equal

to the distance travelled L and assume that all the massive neutrinos have the same momentum
Pkl = Ipj| = E.
b) From the appearance probability in Eq. 4| deduce the probability P(7, — 7g). What can you

conclude 7

c¢) From the formulae derive above and the parametrisation of the PMNS matrix in Eq. [2, can we
distinguish between Majorana and Dirac neutrino via the oscillation phenomenon?
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Solution:

a) Considering the flavour state « created at t = 0, we have from Eqgs. 7?7 and ??
Va(t)) =D Uspe ¥ |) | (5)
k

then expressing the mass eigenstates in terms of the flavour one (inverting Eq. ?7), we have

va(t)) = Z <Z Uy e Pt UAk) [ua) - (6)
k

A=e,u,T

The amplitude of the transition v, — vg is given by

A (t) = (vplvalt)) = (gl Z Ukpe B Uylvy)
hW

= > (Ui e ™ Unelvpla)] (7)
Nk

the mass and consequently also the flavour states being orthonormal ((v5|vx) = dgy), we have
Ay (0) = S Uz P U 0
k

The transition probability is thus given by

Pva = vgit) = [Apemsy O = D UL e B U | |3 Uy B U3,
k J
= > UiUspUaiUpje™ " Fu=Ealt (9)
k,j

Considering ultrarelativistic neutrinos lead to

2 2 m%
Ey =\/pk” +mi =~ |pk <1+4 >, 10

using now the “equal momentum” assumption (|p;| = |pj| = E) the energy reads

2

m
Ey=E+ -kt 11
k YR (11)
giving the energy difference
2 2 2
my —m5  Amg.
E, —E; = ] = 1 12
The probability is thus
A,
P(voy — vgst) = ;UakngUajUﬁj exp <—z 2EJ > . (13)
7j

Finally in the light approximation (i.e. L = ¢ as neutrinos propagate almost at the speed of
light and the time is not measured in experiment but the distance L is), the vacuum oscillation
formula is given by

* « Ami
Pva = vg LE) = > UlUskUsiUp;exp | —i o L (14)
k?j



This expression can be recast as

Am%
P(vo = vg; L E) = > |Uakl*[Ugkl> + D Uiy UsiUasUp; exp (—i J L)
k=j k#j

Am?2.
= Z|Uak|2|ng’2+2Z% UZkUﬁkUajUEjeXp <_i QEk]L>
k k>j
Am2.
= a0l + 2R kUﬂkUWUﬂﬂ]“’S< ZEML)
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Ami-
J
+2k2>] akU/o’kUaJUBJ]Sm< 2E L>' (15)

Using the unitary condition of the PMNS matrix

(ZngUﬁk> > UaUp, Z|Uak\ Usil” + 2 RIULUskUasUs; = Sap,  (16)
k J
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k>j
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—f-QZ %[U;kUBkUajUgj] Sin( 2Ek'j ) , (17)
k>j

b) Starting from Eq. |4, one has to make the substitution U — U* in order to obtain the antineutrino
oscillation probability, leading to

Am2.L

k>j 4B
o (Ami L
+2) SUUSUL Uﬂj]sm< o ) (18)
k>j

Due to the Dirac CP violating phase § present in the PMNS matrix
%[UakngU;jUﬁj] = —%[UkuBkUaJUEj] ) (19)

hence

2 7
Amk]

P(va — vg; L, E) = P(Uo = D3; L, E) =4 ) S[UankUsUs;Ugy] sin (
k>j

) 40 (20)

implying that there is CP violation in the lepton sector (notice however that CPT is conserved
P(Va — Vg; L, E) = P(Dﬁ — U L, E))



c) If one considers Majorana neutrinos, the mixing matrix is given by Eq which is simply
Uy = UPIcei®k  The quartic product [UakUEkU;jUgj] is invariant under rephasing, hence
the Majorana phases (should neutrino be Majorana fermions) cannot be measured in oscillation

experiments.

Implications of neutrino oscillations:

e massive and non-degenerated neutrinos,

e can probe Am but not the absolute mass,

e the sign of Am is not given by vacuum oscillations so we don’t know the mass ordering,

e CP violation in the lepton sector (Dirac phase ¢),

e 1ot sensitive to the nature of neutrinos (neutrinoless double beta decay to probe Majorana nature).

Exercise 2: Neutrino masses In the following we consider the Inverse seesaw mechanism for
neutrino mass generation. In this extension, the SM is extended with right-handed neutrinos v and

additional sterile states X. The Lagrangian can be generically cast as

- iy 1 1 <
Liss = =Y LiHvjr — My Ui Xj — §MRViRV]CR - §/~LXXZ'CX]', (21)

in which Mg is a lepton-number conserving mass matrix, while ur and px are symmetric Majorana
mass matrices, which break lepton number. Neglecting ur and considering only one generation of vy,
and v with two singlet states X7 and X, the ISS mass matrix after EWSB reads, in flavour space
(V[n Vga X17 X2)
0 mp O 0
mp 0 Mg 0
Miss = , (22)
0 Mg wm O
0 0 0 pus

with mp = Y*v/+/2 as in the type I seesaw.

Considering the limit pi, uo < mp < Mp, the mass matrix can be written as

0 mp 0 0 0O 0 O 0
m 0 M 0 0O 0 O 0
Migs = Mo+AM = |77 & + : (23)
0 Mrp 0 0 00 w O
0 0 0 0 0 0 0 we

and then one can perturbatively diagonalise it.

a) Derive the neutrino masses mgo), mgo)7mgo),mio) at Oth order (i.e. the eigenvalues of Mj).

(0)

b) To lift the degeneracy between mgo) and my’ one has to consider the perturbation AM. For

this we construct the 2 x 2 matrix in the degenerate subspace:
oMy = (@”|AM 2"y, with  i,j=1,2 (24)

where xz(g-)
and mél) of this perturbation matrix correspond to the correction to the Oth order masses.

are the eigenvectors associated with the diagonalisation of My. The eigenvalues m(ll)

What is the mass of the active neutrino? What can you conclude about the ISS mass spectrum?



Solution:

a)

To diagonalise My and find the mass eigenvalues mgo), one has to compute det(My — A W) = 0.
This gives A2 — M? — m%) = 0, so the eigenvalues are

mgo):méo)zo, 7”/%(,,0):—\/]\42%—771%)7 mflo):\/M2+m%, (25)

since the physical mass has to be positive, we can always absorb the minus sign of mgo) by
rephasing the matrix diagonalising Mp.

(0) (0) (0) , (0) (0) , (0)

The eigenvectors v; ~ are given by My.v; " = m, .v; ' and we have v; ;" = 0. Denoting
’UZ@) = (a4, Bi, Vi, 0i) we find the following identities for the first two eigenvectors needed for the
computation of the perturbation
mpP; =0, mpaoy; + M~v; =0, MB; =0, 1=1,2. (26)
leading to o; = —(M/mp)y;, Bi = 0 and ¢; is unconstrained. Using the orthormonal properties
of the eigenvectors, we have
M
\/ M? +m? 0
0 0 0 0
Ug ) = mp ’ T)é ) = 0 ) (27)
\/ M? +m? 1
0
The matrix in the degenerate subspace is thus
m ;
sMy; = @@1aM 2y, = | 22+ m, " (28)
0 2
m___mp )
It is then easy to read m; ' = ——=—5-pu1 and my * = s giving respectively the active neutrino
M? +m%

mass and a "light” sterile mass. Indeed, contrary to the type I seesaw the heavy sterile states do
not need to be extremely heavy to give the correct light neutrino masses, as the suppression comes
from the scale of lepton number violation (i.e. the matrix u) that can be low. For instance the
correct light neutrino spectrum can be recovered for M ~ TeV with O(10~3) Yukawa couplings
and i ~ 1 MeV. Moreover depending on the number of new fields, if nx > n,,, the ISS spectrum
features 3 different scales: the light active neutrinos, “light” sterile states and heavy states.





