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Vortices of “ancient” physics

Decartes’ vortex cosmology (1664) Thomson’s vortex atoms (1867)

• Decartes: each star is surrounded by a vortex as a large circling band of
material particles;
• NO BUT vortices still play a role in modern astrophysics.

• Thomson: atoms are vortex rings in a perfect fluid;
• NO BUT vortices can still be regarded as quantum particles.
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Outline

• Vortices: an overview;

• The classical vortex;

• The quantum vortex;
• Dualization: vortex as a charged particle;
• Non-perturbative quantization;

• Universal vortex mass and charge of the quantum vortex.
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The different faces of vortices

Different dimensionalities:

• point defects in 2d;
• line defects in 3d;

Different physical regimes:

• in classical fluids;
• as cosmic strings;
• in condensates;
• (...)

4/30



The different faces of vortices

Different dimensionalities:

• point defects in 2d;
• line defects in 3d;

Different physical regimes:

• in classical fluids;
• as cosmic strings;
• in condensates;

5/30



Vorticity in a 2-d vector field
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Overview of the (2+1)-d O (2) model
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Overview of the (2+1)-d O (2) model

Broken phase Symmetric Phase

In the broken phase:
• Spontaneous breakdown of the O (2)

symmetry;
• Massless modes: Goldstone bosons.
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The broken phase and the vortex excitation

A sea of Goldstone bosons can give rise to a topologically non-trivial excitation

�� ��Vortex excitation
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The classical vortex: equations of motion

The (2+1)-d O (2) scalar field theory:

L = 1
2∂µφ

∗∂µφ− λ

4!

(
|φ|2 − v2

)2

Classical equations of motion: ∂µ∂µφ = −λ6 φ
(
|φ|2 − v 2)

Static, rotational invariant solutions:

φ (x , t) ≡ φ (x) = ρ (r) e inϕ
ϕ=arctan( y

x ), n∈Z

⇒ ρ′′ + 1
r ρ
′ − n2

r2 ρ = λ

6 ρ
(
ρ2 − v2)
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The classical vortex: profile and energy

φ (x) = ρ (r) e iϕ ↔ ρ′′ + 1
r ρ
′ − 1

r2 ρ = λ

6 ρ
(
ρ2 − v2)

E (R) = 2π
∫ R

0
dr rH (r) ⇒ E (R) ∼ πv2 log R

R0
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Quantizing the vortex

• Classically, the mass is logarithmic divergent E (R) ∼ πv2 log R
R0
;

• Semi-classical approximation quantizes only collective degrees of freedom;
• vortex has an infinite mass;

J.-M. Duan, Phys. Rev. B49 (1994) 12381.
D. J. Thouless, J. R. Anglin, Phys. Rev. Lett. 99 (2007) 105301.

• but a finite mass associated to the core;
J.-M. Duan, Phys. Rev. B49 (1994) 12381.
G. Baym, E. Chandler, J. Low Temp. Phys. 50 (1983) 57

• and recently it was argued that the mass does not diverge at all;
G. Delfino, W. Selke, A. Squarcini, Phys. Rev. Lett. 122 (2019) 050602

• Fully non-perturbative approach is non-trivial:
• vortex correlation not readily amenable to numerical simulations;
• single vortex never occurs at finite periodic volume.
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Lattice discretization and dualization

• Consider the problem in Euclidean time

LE = 1
2∂µφ

∗∂µφ+ λ

4!

(
|φ|2 − v2

)2

In the lattice one can consider only angular variables due to universality
(⇔ λ→∞ )

• Standard: e−S({θ}) =
∏
〈x ,y〉 e

1
g2 cos(θx−θy )

• Villain: e−S({θ}) =
∏
〈x ,y〉

∑
nxy∈Z e−

1
2g2 (θx−θy +2πnxy )2
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The quantum vortex as a quantum particle

∑
A∗�∈Z

s (θx − θy )
∑

A∗�∈Z
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The quantum vortex as a quantum particle

∑
A∗�∈Z
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∑
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The quantum vortex as a quantum particle

s (lxy ,A∗�) with δ (lxy + lyz + lzw + lwx ) =
∑

A∗�∈Z
e iA∗�(lxy +lyz +lzw +lwx )
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The quantum vortex as a quantum particle

∑
A∗�∈Z

Integrate out lxy ⇒ Gauge Theory : s̃ (A∗�)
∑

A∗�∈Z
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The dualized action

• The final gauge theory will depend on the initial action;

• Villain action

e−S({θ}) =
∏
〈x,y〉

∑
nxy∈Z

e−
1

2g2 (θx−θy +2πnxy )2 Dual
� e−S̃({A}) =

∏
�

e−
g2
2 F 2

�

• Standard action

e−S({θ}) =
∏
〈x,y〉

e
1

g2 cos(θx−θy ) Dual
� e−S̃({A}) =

∏
�

IF�

(
2
g2

)

F� = A1 + A2 − A3 − A4

Gauge Invariance: A′xµ = Axµ + αx+µ̂ − αx
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The gauge theory

• Integer gauge theory
Dual action : Axµ ∈ Z

S̃ ({A}) =
∑
�

s̃ (F�)

• It can be regarded as (2 + 1) QED coupled to a charged scalar field
J. Fröhlich, P. A. Marchetti, Euro. Phys. Lett. 2 (1986) 933

Scalar QED : Āxµ ∈ R

SQED
({

Ā
}
, {χ}

)
=
∑
�

s
(
F̄�
)
− κ

2
∑
x ,µ

(
χ∗x+µ̂e i Āxµχx + χ∗x e−i Āxµχx+µ̂

)
Unitary gauge: −κ2

∑
x ,µ

(
χ∗x+µ̂e i Āxµχx + χ∗x e−i Āxµχx+µ̂

)
→ −κ

∑
x ,µ cos Āxµ

Limit κ→ +∞: −κ
∑

x ,µ cos Āxµ → Āxµ ∈ 2πZ
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The dualization picture

Continuous spin model DUAL Scalar QED

O (2) global symmetry � R local symmetry

Weak/Strong coupling � Strong/Weak coupling
Symmetric phase � Higgs phase
Broken phase � Coulomb phase

Goldstone bosons � Photons
Vortex � Charged scalar
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The vortex as an infraparticle

Similar to: T. Banks, R. Myerson and J. Kogut, Nucl. Phys. B129 (1977) 493
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The infraparticle

• Vortex correlation � charged particle correlation;

• The naive
〈
χxχ

†
y
〉
is not gauge invariant

χ′x = e iαxχx

• The proper gauge invariant operator creates the particle along with a cloud of
photons

χC
x = e i4−1δAxχx → e i4−1δAx

• Vortex correlation function:
〈
χC

x χ
C†
y
〉

P. A. M. Dirac, Canad. J. Phys. 33 (1955) 650
J. Fröhlich, P. A. Marchetti, Euro. Phys. Lett. 2 (1986) 933
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The vortex as an infraparticle

O (2) model in the broken phase:
• Massless Goldstone boson;
• Vortex constitutes non-local excitation formed by a cloud of Goldstone

bosons.

Scalar QED in the Coulomb phase:
• Massless photon;
• Charged particle constitutes a non-local excitation formed by a cloud of

photons.
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The charged particle at finite volume

• No net charge on the torus;

• C-periodic boundary conditions (C* boundary conditions):

Aµ
(

x + L̂i
)

= −Aµ (x) − ∂µϕi (x)
χ
(

x + L̂i
)

= χ (x)∗ eiϕi (x)

U.-J. Wiese, Nucl. Phys. B375 (1992) 45
B. Lucini, A. Patella, A. Ramos, N. Tantalo, JHEP 1602 (2016) 076C
I. Campos, P. Fritzsch, M. Hansen, M. K. Marinkovic, A. Patella, A. Ramos, N. Tantalo, Eur.
Phys. J. C (2020) 80:195
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The C-periodic vortex: mass and charge computation
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The C-periodic vortex: mass and charge computation

Vortices interact with their C-periodic copy

m = e2

4π log
(

L
r0

)
→ Determine the charge
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The C-periodic vortex

• Vortex operator in unitary gauge χC
x = e i4−1δAx ⇒ χC

x+L̂i =
(
χC

x
)∗

• Real part: periodic
• Imaginary part: anti-periodic

�� ��Momentum obeys different quantization for real and imaginary parts

χ+ (p1, p2, τ) =
∑

x1,x2
Re
[
χC (x1, x2, τ)

]
e i(p1x1+p2x2) p1, p2 ∈ 2π

L Z
χ− (p1, p2, τ) =

∑
x1,x2

Im
[
χC (x1, x2, τ)

]
e i(p1x1+p2x2) p1, p2 ∈ 2π

L
(
Z + 1

2
)

• large τ :

〈χ+(0, 0, 0)χ+(0, 0, τ)〉 → e−mτ

〈χ−(q1, q2, 0)χ−(q1, q2, τ)〉 → e−Eτ qi = ±πL (minimal momentum)
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Computational Strategy

Approach the continuum limit at a finite volume characterized by ρ0 = ρL
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Results: approaching the continuum limit
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Results: the continuum limit

1 2 3 4 5 6 7Lρ
0

2

4

6

8

10

m
/
ρ

e2r log(L/r0)/4π√
p2

1 + p2
2 +m2

E Villain action
E standard action
m Villain action
m standard action

• Log divergent mass
• Universal vortex charge: e2

r = 3.58(8)× (4πρ)
• Breaking of Lorentz invariance? E = m + p2

2mk
⇒ mk

m = 0.71(3) (for
Lρ = 1.43(2)).
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Overview

M. Hornung, JCPB, and U-J. Wiese arXiv:2106.16191 (2021).

• The O (2) (2+1)-d scalar field theory is dual to a gauge theory;

• The quantized vortex is dual to a charged particle;
• Numerical simulation of the gauge theory;
• Determination of the vortex mass and charge

• The logarithmic divergent mass survives quantization;

• Experimentally relevant.
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Outlook

• Study the other side of the phase transition
• Symmetric phase is dual to the Higgs phase;

• Vortices condense;
• Determine the value of the vortex condensate;

• Vortices in the quantum XY model;

• The non-Abelian infraparticle.
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Computational strategy

• Extract universal vortex properties at finite volume

• Characterizing the distance to the critical point by the spin stiffness
(ρ (gc) = 0)

ρ (g) = −1
L
∂2 log Z (α)

∂α2

∣∣∣∣
α=0

with Z (α) defined as the partition function under the twisted boundary
conditions: θx+µ̂Lµ = θx + αµ.
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Computational strategy

• Approach to the continuum limit:
• g → g−c ;
• L→∞;
• ρ→ 0;
• ρL = ρ0 constant.
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Extracting the spin stiffness

ρ (t) = atν
(
1 + btθ + ct + . . .

)
t = gc−g

gc
, ν = 0.67169(7), θ = 0.530(3).

M. Hasenbusch, Phys. Rev. B 100, 224517 (2019)
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